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THE 



PREFACE. 



rHE Ufe of Trigonometry is fo great in all the 
Parts of the Mathematics* that He muft have made 
a very little Progrefs therein * who is not fenfibk of 
it. Its help is caWd in upon every Occq/hn* and its 
great Service is clearly apparent in Calculations of all Sorts* 
both upon the Earth* upon the Seas* and in the Heavens* 
By this* the Dijlancts of ObjeSs upon the Earth may be 
certainly known* if they can but befeen * tho* we cannot 
come, near to meafure them : lAkewife the geographical, 
Diftances of Places on the Earth * and their feveral 
Pofttions to one another. Navigation depends entirely up- 
on it. Surveying and Dialling owe their greateft Ex+ 
affnefs to it. It is offtngular Service in military Jiff airs : 
And Mars, without this* might live peaceably at Horn* 
Upon the Wings of trigonometry . (as Piato fays)* we 
mount up from the Earth to the Heavens* nieafure the 
Diftances of all the Stars* and range them in their pro* 
per Order. And without it Urania'j Sons may throw a* 
fide their Infiruments* their Boots and Fables * or rather, 
without this* they would never have had anyfucb thing t 
and confequently Mankind had remained utterly ignorant 
of this moft beautiful Syftem of the World. In Jbort* the 
Art of Trigonometry is offuch univerfal Ufe and Extent, that 
it would be an endlefs Tajk to enumerate all the various 
purpofes to which it is fubfervient * and the moft important 
Branches of Knowledge would be loft and ufelefs if we 
wanted it. 
* A 2 this 



f , 

if "*2* P R EF ACE. 

'This makes mewonder that no body has given us an en* 
tire Syftem of this Art ; which fbaU contain all the 

Principles* as well as the Rules of Pra&ice. Inftead of 
that,, mcft Authors content tbem/hhes with little more than 
explaining the common Cafes of folving Triangles, and 
Jill up their Books with heaps of Examples, to (hew the 
Up and Application thereof : Whiljt they dip very little 
into the Theory, and leave the Principles thereof very 
much in the DarL 

In this Treatife I have adventured to lay down the 
fVbole both Theory and Pra&ice; and to take in ail 
Things of any Confequence that any way belong to the 
Subjefc. And here 1 account ail theft Properties of Tri- 
angles or ether Figures that haw any Relation to the 
meafuring their Angles by Degrees, or by Sines, and Tan- 
gents, &c. ttf belong to Trigonometry, as their proper 
£ubje3 : referring their other Properties to Geometry, 
which havenofucb Regard to the Meafures of their An* 
gles. 

In purfuance of this Deftgn, I have in the firfl Book 
hid dawn in a few Propojiticns, the Relations of Sines, 
Cofines, Sec, of Arches \ likewife of the double Arches, 
and of the Sums and Differences of Arches. Among which 
there are a few Proportions, fo extenfive and general, as 
to comprehend a great Number of particular Propofitions y 
evident only by Jhfpe&on. 

Then I have given the Method of calculating natural 
inartificial Sines, Tangents, &c of any Arch: And 
from thence thofe of their multiple Arches. And here I 
have been obliged to have Recourfe to the Method of 
Fluxions, and the Method of Increments ; there being no 
other pqffible way to effeS it. Which if any of my Readers 
happen not to underftand, they may pafs by the broeftiga- 
tians, and make equal Ufe of the Condufions, neverthelefs. 

« 
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- Vhtayou boot a few general Proportions concerning 
angular Sections, Infcription of Polygons, and the 
Properties of Chords infcriVd in a Circle. 

In the fecond Book you have plain Trigonometry with 
-the Solution of all the Cafes, Jeveral ways. Right an* ' 
gkd Triangles are refoh* d arithmetically } logarithmically, 
and algebraically : And oblique ones logarithmically and 
algebraically. By the Jirft Method all the Cafes of right 
fttgled Triangles are refohed by common Arithmetic, with- 
cut any Books or Tables what even And this conies very 
near the l^uth, and is fufficiently exall for common Ufes : 
And is no further burthen/bme to the Memory than getting 
by heart two or three Proportions , with certain fix •/ Num- 
bers ; and the 47. I. Euclid. And the fame way may 
oblique Triangles be refohed, by letting fall a Perpendi- 
cular. 

In the third Book you have all that is material in the 
Do&rine of the Sphere ; likewife the Properties of 
Spherical Triangles 5 and the Principles of Spherical 
Trigonometry ; in which are fome compound or general 
Propositions, including feveral particular ones. Among 
tbefe there are fome that I have taken the Liberty to de- 
monftrate algebraically, to avoid a more prolix Method 
of Demoqftration. Then follows the Solution of all the 
Cafes of fpberical Triangles ; in oblique ones Ijotb logarith- 
mically ahd algebraically. 

Inthefirji Sc8. of the firft Book, I have infer ted fe- 
veral Scholia here and there : The ufe of which to Al- 
gebraijls, will be too evident to be further infifted on. 
And for the fame Reafon it was, that I infer ted the Solu- 
tion of the Cafes algebraically. 

All tbefe Things being laid down here in this Book, in 
the Jborteft Manner poffible ; / think 1 may venture to 
entitle it The Elements of Trigonometry. / won 9 t 

fay 
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fay that I have quite exbaufled the SubjeSl, but lam of 
Opinion that 1 have emitted Utile or w thing of any Con- 
jeauence. 

& would be neeSefs giving any Examples in Numbers, 
is likewije the application of trigonometry to any Part 
ef Matbematicks : That being very eajy for the Reader 
to do bimfelf', efpecialij as all Authors abound in tbefe 
Things. 

If what I have done meet with general Approbation, 
1 have my End -, if not I can only fay, 

In magnis voluiffc Ut eft. 

W. Emerfon, 
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Arches j the Calculation of them, both natural, 
and artificial 5 and alfo thofe of multiple Arches ; 
angular Sections, &c. _ 



DEFINITIONS. 

i. i^ N Arch of a Circle is any Part of its Circum* FIG* 
LJL f crence as A B. A Quarter of the Circum- j # 
JLjL ference is called a Quadrant as A D ; and 
the half a Semi-circle as A D L 

2. The Radius is a Line drawn from the Center to 
the Circumference, as C A. 

3. The Complement of an Arch is what it wants of 
a Quadrant, B D is the Complement of A B. 

4. The Supplement is what it wants of a Semi-cir- 
cle, as B I is the Supplement of AB. 

Cor. 1. The Difference of two Arches is =£ Diffe- 
rence of their Supplements. 

Cor. 2 . The Complement of half an Arch is equal 
to half the Supplement of the whole Arch* For lee 
Q^be a Quadrant and A an Arch •, then Q^-iA is 
the Complement of half the Arch, and 2 Q^— A is 

B the 
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FIG. the Supplement of the Whole, and Q^S-A is half 
i. the Supplement of the Whole. 

Cor, 3. The Difference of an Arch and its Comple- 
ment is equal to the Complement of twice the Arch. 

Ac/d Q— A is the Difference of the Arch and its Com- 
plement, and 2 A co Q is the Complement of twice 

the Arch, but A co Q— A=2 A co Q^ 

5. The Chord or Su&tenfe of an Arch AB, is a 
right Line A B draw between the extream Points of 
the Arch. 

6. The Sine (or right Sine) of an Arch A B, is a 
right Line B F drawn from one End of the Arch per- 
pendicular to the Diameter paffing thro 9 the other 
End of it. 

Cor. The Sine of an Arch is half the Cord of the 
double Arch. 

7. The Co/foe of an Arch is the Diftance between 
the Center and the Sine, as G F. 

8. The verfed Sine of an Arch AB, is tl\e Part of 
the Diameter, between the Beginning of the Arch 
and the Sine, as AF. 

Cor. The verfed Sine + Cofine = Radius. 

9. The Coverjed Sine is the Line DE, between the 
End of the Quadrant AD, and B E perpendicular to 
DC. 

io. The Tangent of an Arch B A is the Line A G 
drawn from one End A of the Arch perpendicular to 
the Diameter, till it cuts the Line C BG drawn thro 9 
the other End of the Arch. 

' 11. The Cotangent of an Arch A B is the Line D H 
drawn perpendicular to D C at the End of the Qua- 
drant A D, till it meet the line C B H drawn thro 9 
the Top of the Arch A B. 
. 12. The Semi- tangent of an Arch A B, is the Line 
KC intercepted between the Center and the line IK 
paffing thro 9 the End B of the Arch. 

Cor. The Semi-tangent of an Arch is = tangent of 
half the Arch. For if A T=T B, then Z. A C T= 
4LA1B. Whence CR= A R. 13- The 
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1 3. The Secant of an Arch A B is the Line C G F I G. 
drawn from the Center of the Circle, thro*" the Top u 
of the Arch A B, till it meets the Tangent A G. 

14, The Cofecant of an Arch AB is the Line C H 
drawn from the Center, thro* the End B of the Arch, 
till it meets the Co-tangent D H in H. 

Cor. 1. Hence the Cofine, Cotangent, Cofecant, 
coverfed Sine of an Arch, is equal to the Sine, Tan- 
gent, Secant, verfed Sine, of its Complement re- 
fpe£tively. 

For the Sine E B of the Arch DB (the Comple- 
ment of A B) is = C F the Cofine of A B. Alfo D H 
the Cotangent of A B, is the Tangent of its Com- 
plement DB. Alfo C H the Cofecant of A B = Se- 
cant of its Complement D B. And laftly D E the 
ctoverfed Sine of A B is the verfed Sine of its Com- 
plement D B. 

Or. 2. A Sine, Tangent and Secant, Cofine, Co-' 
tangent, Cofecant, and coverfed Sine are common 
to two Arches which are the Supplements of each 
other. For thefe lines belong as well to the Arch 
I B, as to A B. 

15. A Degree is the 360* P^rt of the Circumfe- 
rence of every Circle •, and therefore a Semi-cricle 
contains i$o Degrees, and a Quadrant 90*. Alfo 
the 60 th Bart of a Degree is called a Minute, the 60 th 
Part of a Minute a Secpnd, &c. 

1 6. Art Angle A C B is the Inclination of tv<ro Lines 
AC, C B •, and the Meafure of that Angle is the 
Degrees in die Arch A B. 

Note, The middle Letter (lands at the Angle. 

SCHOLIUM. 
Tho* the Cofine, Tangent, Cotangent and Secant 
are common to two Arches which are the Supple- 
ments to each other ; yet in an Arch greater than a 
Quadrant, thefe Lines are truly negative, and mud 
be fo efteemed, becaufc they are drawn the contrary 
wpy to thpfe in an Arch lefs than a Quadrant. And 

B 2 there- 
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FIG. therefore the Sine, coverfed Sine, and Cofecant, ans 
i. always affirmative in all Arches lets than a Semi- 
circle, but negative in greater Arches. And in ge- 
neral the Sines of all Arches in the firft and fecond 
Quadrants are arErmadve,in the third and fourth nega- 
tive. The Cofines in the firft and fourth Quadrants 
are affirmative, in the fecond and third negative. 
The Tangents in the firft and third Quadrants are 
affirmative, in the iecond and fourth negative. The 
Cotangents in the firft and third are affirmative, in 
the fecond and fourth negative. The Secants in the 
firft and fourth are affirmative, in the fecond and third 
negative. The Cofecants in the firft and fecond are 
affirmative, in the third and fourth are negative. 
All verfed Sines are affirmative : Moreover Sines, 
Tangents, fcfc of negative Arches are contrary in 
their Signs to thofe of affirmative Arches. 
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FIG. 

SECT. I. *' 

t 

^The Relation of the Sines, Tangents and Secants of 

Arches. 



PROP. I. 

In any Arch, thefe are rejpe&wefy porportional* 
Radius : Sine : Cofine : : 

Secant : Tangent 
Cofecant : Radius 

The Meaning of the Propofition is, that any four 
Quantities lying in Form or a Reftangle are propor- 
tional. As thus ; Rad : Sine : : Secant : Tangent. Or 
Rad : Cofine : : Secant : Radius. Or Tangent : Ra- 
dius : : Radius : : Co-tangent. Or Cotangent : Co- 
line : : Cofecant : Radius. And fo of others. The 
lame is to be underftood of the following Propofiti- 
ons. s Likewife if you have feveral Quantities placed 
thus, A : B : C : : D : E : F, the meaning is, that 
A : B : : D : E, or A : C : : D : F, or B : C : : E : 
F, fefr. or laftly if A : B : : C : D : : E : F, &c. it 
fignifies that A : B : : C : D, or A : B : : E : F, or 
C : D : E : F, and fo of others. 

For in the Similar-triangles BFC, GAC, CDH ; 
BC : BF : CF :: GC : GA : AC : : CH :CD : DH, 

Cor. 1. Radius Square = Sine Square + Cofine 
Square = Secant Square — Tangent Square = Cofe- 
cant Square — Cotangent Square. For th? Tri- 
angles BFC, GAC, CDH are right angled. 

Cor. 2. Radius Square = Tangent x Cotangent = 
Cofine x Secant = Sine x Cofecant. 

Cor. 3. In any Arches, the Sine is as the Cofine x 
Tangent, or as Tangent divided by Secant* or. £? Co- 
fine divided by Cotangent, or reciprocally as the Co- 
fecant. 

Cor. 4. Tangent is as the Sine x Secant, or as 

B 3 N Sim 



6 ^ ELEMENTS Bookl. 

FIG. Sine Secant . „ . —, 

_ — , or as —t , or reciprocally as the Cotan- 

I Cofine Gofecant r J 

gent. 

Cor. 5. Secant is as Tangent x Cofecant, or as 

— j£?!L 9 or as ■ ■ °" c , or reciprocally as the Cofine. 

Stne Cotangent 

Cor. 6. Cofine is reciprocally as the Secant, Co- 
tangent reciprocally as the Tangent, Cofecant reci- 
procally as tne Sine. 

Or. 7. The Surri of the Squares of the Sine and 
verfed Sine of an Arch = 4 times the Square of the 
Sine of half the Arch. For AB=2AL, and the 
Triangle A B F is right angled. 

Cor. 8. The Cord of an Arch is a mean Proporti- 
onal between the verfed Sine and Diameter. For 
A Fi A B, A I are continually Proportional. 

SCHOLIUM. 

Let A~any Arch. /=Tangent o- =Cofecant. ■ 

r rzRadius. r=Cotangent ^=verfed Sine. 

s =Sine. /=Secant V=verf.S.Sup. 
f=Coffne. 

Then 

I. s=J7^u=il={L=. tr rc rr 



r I Vrr+tt r ^rr+rr 

r r fc t v r t * * ' "" * ** / > "** ™ " - ' * 

* * <r f JJ 
II. c=r~v=V^=</7^Ts^= Tr rr 



* Jrr+tt I 

tr S& St rr rr r^rr 

r=-\V— rr. 



f T r <r Vrr+TT 



c 
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,, r j rr sir cf rc_r , F IG - 

IV. T=V<r <r— r r=—.=— =-f ==— =- Vr r— J s qc 1 . 

t t t s s 

♦ 

re rr _ r— v V— * *. 

--% 



Vrr—cc */ff—rr <f%rv~vv V2rV — V 
rr r / , " r<r rr rr 



z-=*Jrr+TT=-j* 



VfT^TT"* vV<r— rr r— v V— r 

TTT / J T T T-J* — rl — tX — C f — 

VL,=^r+t« T =f= T ^- 7 - 7 - 



£ / vff—rr V2rv — ^v 



VII. vs2r— V=r— f=r— Vrr— Ji=r— 



rr __ 



rr rr r , — 

- =r ? =r— Vcr<r-rr. 



rr 
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7& coverfed Sine is eqfily found exprefs*d by any of the 
r$> by only JubtratUng the Sine from Radius. 

PROP. II. 

h any Arch theft Lines are refpeffivefy proportional. 

Radius : Sine of an Arch : Cofine Arch : : 

2 Sin* Arch : Verf. 2 Arch : Sine 2 Arch : : 
s Cofine Arch : Sine 2 Arch : Verf. Sup. % Arch. 

For the Triangles C A L, B A F, I B F are fimilar, 

B 4 and 
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FIG. andIB=2CL, therefore CA:AL:CL::B A : 
I, AF:BF::IB:BF:IF.. 

Cor. i . From hence and Prop. I. it is evident) that 
thcfe are refpeltiveiy proportional. 

Radius : Sine of an Arch : Cqfine Arch : 

Secant Arch ; Tangent Arch ( Radius : 

Cofecant Arch : Radius : Cotangent Arch : 

2 $/»* -4r a& : Verf 2 Arch : &'»* 2 yfra& ; 

2 Q#itf Arch : &»* 2 -<tfra& : Verf. Sqp. 2 ^cb. 

Cor. 2. In any Arch, , tm quare = VCf f C( j gj nc ^ 

4 Roams 

2 j s 
the double Arch, that is — = verf. 2 A. See Sch. 

r 

to Pr. I. 

Cor. 3. In any Arch, n .. ^ ni = Sine of the 

* ' Radius 

double Arch, — = S. 2 A. 

Or. 4; In any Arch, * <W* Sjuare -Rates Syari 

J Radius 

= Cofine of the double Arch. For Cof. 2 A =r— * 

- . %ss rr—?2ss 2cc<rv-rr 

verf.2 A=r — — = — —^=^~ — . 

Cor. 5. In any Arch, * ***" Square = Tan- 

Cotangent — Tangent 
gent of twice the Arch. For Cof. : Sine : : Rad. : 

Tangent, that is by Cor. 4, 3. — or : — 

2esrr 2rr ,. c , , T 2rr 

: : r : ■ ■ = . \ = (by Schol. Pr. I.) . 

<*-«•' rc rs *—* 

s c 

Cor. 6. In any Arch, i Cotangent — 4 Tangent 
3= Cotangent of the double Arch. This follows 
from Cor. 5, becaufe Radius Square divided by the 
Tangent is = Cotangent. a 

Cor. 
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r* - t - a— t Secant x Radius c A r FIG. 

Cfcr. 7. In any Arch, ^ ^ = Secant of 

2 Ggw* — oraatf 1. 

the double Arch. For ***™*P™ - Secant, that 

rr 
is by Cor. 4.—^ — r= — - — r = (by Sch. Pr. I) 

2f— — 

. r ^ „=s Secant of 2 Arch. 

Gr. 8. In any Arch, ***** J ecant = Cofecant 

2 Radius 

of the double Arch. For by Cor. 1. of this Prop. 
*£=S. 2 Arch, and (by Sch. Pr. i)**^**" 

= Cofecant, that is ILL-zzLL, becaufe II = <r, by 

2rj 2r j 

SchoL Pr. I. 

C*r. 9. In any Arch, BSteWxG^f^, 
* ' RadtusCuFe 

verfed Sine of the Quadruple Arch. For, by Cor. 3. 

3££ = S. 2 A, and by Cor. 2. £!+££££ = verfed Sine 
r rxrr 

of twice 2 A. 

Cor. 10. Hence alfo, the verfed Sines of two 
Arches are as the Squares of the Sines of their half 
Arches. 

Cor. 1 1 . The Sines of two Arches are as the Redt- 
angles of the Sine and Cofine of their half Arches. 

Cor. 12. The Cofecants of two Arches are as the 
Reftangles of the Secant and Cofecant of their half 
Arches. 

Cor. 13. The verfed Sine of the Sup. of an Arch : 
i Radius : : Sine Square : Sine Square of i the Arch. 



For verf. Sup. 2A : Cof, A 
And 2Cof. A : Rad. 
by multiplying, verf. Sup. 2 A : iRad. 



S.2A : S.A. 
S.2A : S.A. whence 
S*.zA :S\A. 

Cor. 
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FIG. Cor. 14. What has here been demonftrated of the 

1. Relation of Sines and Cofines to one another, holds 

equally true, in refpeft of the Chords of Arches, and 

their Supplements ; puting the Diameter inftead of 

Radius. 

Cor. 15. Hence alfo it follows from Cor. 6. that 
the Difference between the Tangent and Cotangent 
of an Arch = twice the Tangent of the Difference be- 
tween that Arch and its Complement. 

For the Difference between an Arch and its Com- 
plement is equal to the Complement of twice that 
Arch. Hence alfo 

Cor. 1 6. Let A be any Arch le fs than 45°, then 

Tangent of 45+ A" = Tangent of 45 — A°+2 Tan- 
gents of 2 A . For 2A is the Difference of the Arches 

45+A and 45— A. 

SCHOLIUM. 

Hence alfo the Sines > Cofines, &c. of the double Arches 
may be exprejfed more univerfally thus, (See Sch. Pr. I.) 

* 2 cs__2ss_zcc_2rs^ 2rc m _ md 2rrt 2rr 

~r T r 7 c ~~rr+tt=ff~~r+* 

= , 2r%r — = Sine of 2 Arch. 
rr+ TT=:<ro " 



TT cc — ss rr — iss 2cc — rr rr—tt ? — • m 
xi» = r~ . r 

r r r rr+tt t+* 

t t — r r _ 2 rr—ff m0 _ m 2 c—f , <r* — 2 rV _<r — 2 s m 
=: — « — r~ i r^ rss i . / fas — rrz r 

rr-{-rr ff f <r* <r 

=±r Cqfine of 2 Arch. 
TTT 2rrt 2tr 2rcs 2rcs 2rrr 

111, '■ = ■"■ ■ =« ■ ' =>-< = — - 

* f r — // t — / rf — 2ss 2cc — rr rr — rr 
= Tangent of 2 Arch. 

IV Tr ~ tt — r ?Tr r T- . r 7~ t ~ J rr — 2 J * r ~ * c ****+* * 

2/ ~* 4t "** 2 — 2fJ ~" 2*J 
^ Cotangent of 2 Arch. 

V.//r 
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ffr _ fr _ r» _ r J _rr+tt FIG. 



V. 

# irr~ff ic—f %cc — rr rr—2ss rr—ti 

= J±Lrz^Zi?lr ^Secant of 2 Arch. 

yi f<r-rf -~r<r -Jl_-. rr+tt=ff_T-\-t 

" 2t 2 S 2€ 2CS 2/ 2 

rr+TT=d-(r 



2T 



= Cofecant of 2 Arch. 



yjr iss^ jirr — 2Cc J _ m 2vV^ mm 2yx2r — v __ 2ttt 
r ~~ r r ~~ r ~~rr+tt=ff 

2ri 2t % 2rs ff—rr f—c 

T-j-/ rr+TT=:ff(r «■ ff f 

= ver fed fine of 2 Arch. 
\rm*> rr — i*s_2cc irr m 2tt 2rr 

sr* arr 2o-*— 2f*. 2(r — 2J V— H* r — v\* 

wf/r 5*p. 2A. 

7£* cover fed Sine may be exprefs'd by any of the Reft, 
by fubtraSting the Value of the Sine from Radius. Alfo 
other Values of each Quantity may be inferted by Scb. 
Pr.I. 

PROP. IN. 

If three Arches AF, A N, A P be in arithmetic Pro- % 
greffton* then thefe are refptftroely proportional. 

Radius : 5. mean Arch : Cof mean Arch :: 

2 S. mean Arch : Verf. 2 mean Arch. : 5. 2 mean Arch :: 

2 Cof. mean Arch : S. 2 mean Arch. : Verf.Sup.2 meanArch :: 
2S. common Diff. : Diff.Cof.Extreams : Diff. Sin. Extreams :: 
2 Cof com. Diff. : Sum.Sin.Extreams : Sum Cof. Extreams. 

Note, Biff. Sines = S. greater Arch — S. leffer Arch. 
Biff. Coftnes = Cof. leffer — Cof greater Arch = 
D/^". wr/^i 5Aw = verf greater — verf. leffer 
Arch, unrverfalfy. 

Draw PCM and PF and MF ; and AD || FP, 
andFS|| AB, andCE, MS-i-AB. ThcnMS = 

3 PG + 



12 72* ELEMENTS Bookl, 

FIG. PG+FH, andSF=CG+CH. And Arch OM= 
2. PN=NR Therefore MF || NC, and MF=2CR. 
Whence the Triangles C A QJ. DAK, BDK, PFI, 
FMS are fimilar ; and C A : AQj CQj : DA r 
AK:DK::BD : DK : BK : : PF : FI : PI :: 
FM:MS:FS. $. E. D. 

Cor. i. Since the mean =£ Sum of the Extreams* 
therefore in any two Arches, 



Radius 
2 S. i Sum 
2 Cof. f Sum 
2 S. i Difference 
2 Cof. i Diff. 



S. i Sum 
Verf. Sum 
S. Sum 
Diff. Cofines 



Cof. ■£■ Sum : 
S. Sum : 

Verf. Sup. Sum : 
Diff. Sines : 
Sum Cofines. 



Sum Sines 

Cor. 2. Let A, E be two Arches, A the greater, E 
the leffer, then 



iRad. :S. A 

S. E : Cof. A— E— -Cof. A+E 



C of. A : : 

S. A +E— S . A— E : : 
Cof. A— E+Cof. A+E. 



Cof.E:S.A+E +S.A*~E 

This will appear by Cor. i. puting A= half the 
Sum of 2 Arches, and E = hal f their Differe nce. For 
then the Arches will be A+E, and A — E. 

Cor. 3. As t Rad. : S. i Sum of two Arches : : S. 
i Difference : Difference of their Cofines, or of their 
verfed Sines. 

Cor. 4. Reftaogle of Radius and the Difference of 
the verfed Sines (or Cofines) of two Arches = twice 
the Reftangle of the Sine of half the Sum, and Sine 
of half the Difference of thefe Arches. 

Cor. 5. If three Arches AF, AN, AP are in 
arithmetic Progrcffion, the Re&angle of the Sine 
of the mean Arch, and verfed Sine of the common 
• pifference = Re&angle of Radius, and the Difference 
between the Sine of the mean Arch, and half the 
Sum of the Sines of the extream Arches. 

For CAxPG+PH=2CRxAQ=2AQ>c CN— NR , 

whence 2AQxNR=2.AQxCA-^C Ax PG+FH. 
Hence, 

Cor. 
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Cor. 6. The fccond difference of the Sines FH, AQ, FIG. 
PG, x Radius = twice the Sine of the mean Arch x 2. 
verfed Sine of the common Difference, For the fe-> 
cond Difference =2 A Q^-F H— P G. 
Cor. 7. As Radius : 

To twice the Cofine of any Arch : : 
So the Sine of n times that Arch : ' 
To Sum of the Sines of n — 1 and n-\-i times 

that Arch : : 
And fo the Cofine of n times that Arch : 
To the Sum of the Cofinesof »— 1 and n-\*i 
times that Arch. , 

For if A be the Arch, then» — i.A, »A, n+i.A 
are in arithmetic Progreffion, and A the common 
Difference* 

Cor. 8. Let A be an y Arch lefs than 3 0°, the n Sine 

of Ax ^3 + Sine of 30— A= Sine of 30+ A. 

For the Arches 30— A, 30 , and 30+ A are in 
arithmetic Progreffion, and Cof. mean 30:!=iy3 x Ra- 
dius. And b y thi s Prop . Rad. : Cof. 30* : : 2 Sine of 

A : S. 30+ A— S. 30— A. 

Cor. 9. If A be any Arch lefs than 30, then S. 

30+A+S. 30 — A=S. 90 — A. 

For the S, 30 the mean = f Rad. and b y this Pro pr 

Rad. : | Rad. : : 2 Cof. A : S. 30+A+S. 30— A= 
Cof. A. 

Cor. 10. If A bean y A rch lefs than 30 , then S. 

60+AXV3 — S. 30+A=S, 90— A. 

For if the Arches be A, 60+ A, 1 20+ A, and Ra^ 
dius x i ^3=5. 60 th e comm on Difference . Then 

Rad. : Rad. x^3 : : S 60 + A : Cof. A— Cof. 120+ A 

= Cof. A + C of. 60— A, that is j : ^3 : : S. 60+ A: 

S. 90— A+S. 30+ A. 

Car. 11. If A be any Arch lefs than 45 * then 

S. Ax ^2+S. 45— A=S ; j.5+A. For in the Arches 

45— A, 45, 45+ A ; ii/2 xRad.= Cof. the mean, 45. 

Cor. 12. Let A beany Arch lefs than 60; then 

S. A+ 



tte ELEMENTS BookL 



FIG. S. A-f-S- 60— A=S. 60+ A, For in the Arches 60 
— A, 60, 6o-(-A, the Cof. mean, 6o d =i- Rad. 

Cor. 13. What is demonftrated in this Prop, and 
Cor. 2 » 3, 7, of Sines and Cofines, holds of Cords of 
Arches, and their Supplements, puting Diameter for 
Radius. 

PROP. IV. 

In any two Arches* theft art refpeSvotly proportional. 

± Radius : S. \Sum : Cof^Sum : S.iDiff. : Cof. i Dif. : : 
S.iSum : Verf Sum : S. Sum : Dif. Cof. : Sum Sines : : 
Cof. \Sum : S. Sum : V. Sup. Sum : Dtff. Sines : Sum Cof : : 
S. i Dif. : Dif. Cof. : Dif. Sines : Verf Dif. : S. Dif. : : 
Cof \Dif. : Sum Sines : Sum Cof : S. Dif. : V. Sup. Dif. 

Note, Diff. Sines and Cofines t is the fame as in Pr* III* 

The 3 firft perpendicular Rows are evident from 
the laft Prop, and the firft, fourth, and fifth Terms 
in the 2 laft perpendicular Rows follow from Prop. II. 
and the remaining Terms are fili'd up by the Propor- 
tions in this very Prop, thus, t Rad. : S. i Din. : : 
S. i Sum : Diff. Cofines, which therefore will ftand 
in the fecond Place of the fourth perpendicular Co- 
lumn, as well as in the fourth Place of the fecond 
Column, &JV. 

Hence feveral Corollaries follow of their own ac- 
cord ; as 

Cor. 1. As verf. Sup. Sum of 2 Arches : Diff. Sines 
: : Diff. Sines : verfed Sine of their Difference. 

Cor. 2. Sine of the Sum of 2 Arches : Sum of their 
Sines : : Difference of their Sines : Sine of the Diffe- 
rence of the Arches. 

Cor. 3. If three Arches are in arithmetical Progref- 
fion, 
As the Sine of one Extream : 
Sum of the Sines of the mean Arch, and com- 
mon Difference : : 
So their Difference (S. mean — S. com. Diff.) : 
To the Sine of the other Extream. 
For let w= mean Arch, d~ com. Difference, and 

then 
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th en by Cor. 2. &. m+d : S. «f+S. d : : S. 01 — S. J : FIG. 

S. iw— — </• 

G?r. 4. Let A beany Arch •, », n any Numbers, then 

As Sine of f» — n . A : 

S. mA+S. irA: : 

S. j»A — S.n A : 

Sine of «+* . A. By this Prop, hence 
Cor. 5. As the Sine of an Arch : 

Sum of the Sines of the double and tingle Arch : : 

So their Difference (S. double Arch — S. fingle 
Arch) : 

To Sine of the tripple Arch. 
Cor. 6. As the Sine of an Arch : 

Sum of the Sines of the triple and double : : 

So their Difference (S. triple — S. double) : 

To Sine of the Quintriple Arch, fcfr. 
Cor. 7. Let r=z Radius, stz Sine of the Arch 2 A, 

then the Sine of 45+ A= ^T r , / , and the Sine of 



45 



=a=/: 



r—*rs 



2 ___^ 

For let o=S. 45+ A. *=S. 45 — A. Then by this 
Prop. as(S. Sum) r : (Sum Sines) a+t : : (Diff. Sines) 
a— e : s the Sine of the Difference, Therefore 

rszzaa — ee 
but rr=za<*-r<e by Cor. 1. Prop. I. 
therefore rr+rs^2%aa 

and rr— r^2€*. 

G?r. 8. What has bee^ demonftrated in this Prop, 
and firft 6 Corollaries concerning the Relation of Sines, 
and Cofines, holds equally true with' refpedt to their 
Cords ; puting the Cord of the Supplement inftead 
of Cofine, and the Diameter inftead of Radius. 



SCHO- 
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FIG. 

SCHOLIUM. 
Let the re be two Arches A, E, and let 
C=Cof. A+E. c= Cof. A^E 
V=Verf. A+E . w= Verf. A^E 

Z=Sine A ±g.z=S. A — ¥- 

2 2 

Y= Cof! *+£ .y= Cof. ±Z§ 



D= Cof. 2A4-2E . d= Cof. 2 A— 2E, Then 
S. A x S. E=Z+zx Z^z=Z*—**:= J+Yx J^-? 



r. 

2 2 

Cof.AxCof.E=d^r. 

2 

Tan. A x Tan. E= f"" r r. 

<+C 

S. AxS.ExCof. AxCof. E=£fz£Err=ir2r> 4 

4 8 

Cof. Ax Cof. Ex Tan. Ax Tan. E=£l£r'. 

2 

PROP. V. 

In a*} two Arches (A D, D E), the Sum of the Re3- 
angles of the Sine of one into the Cofine of the other, w= 
ReBangk of the Radius* and the Sine of the Sum oftbefe 
Arches. 

DEMONSTRATION. 

Draw NF||and NRJ-CA : then becaufe the 
Angles ENC, FNR are right, therefore ENF= 
CNR} and therefore the Triangles ENF, CNR 
and C D G are fimilar j wherefore C D : D G : : CN 

:NR =Pg^ = FI. And CD:CG ::EN: 

EF= 



'-FS^ 
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E F= CGx ,^ N , whence E I=E F+F 1= FIG. 

CD 3. 

CGxEN+DGxCN $ E D 

CD * ' 

G?r. 1. In any ?wo Arches (A D, DE), the Reel- 
angle of their Cofines — the*Redangle of their Sines 
= the Rectangle of Radius and the Cofine of their 
Sum. 

For by fimilar Triangles, CDiCG:iCN:CR= 

^?*> CN> AndCD:DG::(CN:NR::).EN: 

NF- DG ^™ = IR. And CI=sCR — IR = 

CGxCN— DGxEN 

CD ' 

Cor. 1. The Square of the Sine of the Sum of twd 
Arches is =s the Sum of the Squares of their Sines + 
twice their Re&angle multiply'd by the Cofine of the 
Sum and divided by Radius. 

For Jet the Arch^ A+E=S, their Sines a % e^s\ 
and c the Cofi ne of S. Then by this Prop. s-zs. 

aVrr-ee+v/rr-aa ^ ss=aa+ie ^.^ee + 2a i 
r rr rr. 

*JrT=ZZx <K7=Te. But by Con i ."EEf^±T=S! 

r 

~c. Therefore s $•=& a-\-e t+l— at. 

r . . r • 

Cor. 3. Hence if A+E— 90% then aa+tezzrr. 

If A+E=6o , then ua+ee+ae—\rr. 

If A-j-E=45 ^ then aa+ee+aeji^ift* 

If A+E=30, then^+^-f^v / 3=rtrr. 

SCHOLIUM. 

This Prop, and Cor. 1. holds univerfally for all 
Arches, puting negative Cofines for Arches greater 
than a Quadrant. 

C PROP. 
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FJG. 
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PROP. VL 

In two Jrches (A D, A E), the ReSf angle of the Sine 
of the greater and Cojine of the kfftr — the ReSangle «f 
the Sine of the kjfer and Lofine of the greater is = Refit- 
angle of Radius and the. Sine of the Difference of the 
Arches. 

DEMONSTRATION. 
The Triangles C D G, C B I, and E B N are fitni- 
lar ; therefore CG : DG :: CI : BI = CI ,**? G . 

AndCD:CG::EBorEI— £1^5 : EN ^ 

CG 

CGxEI— CIxDG 

■ CD 

Or. In any two Arches (AD, AE), the ReA- 
•agle of their Sines 4- the Rectangle of their Cofines 
is = Re&angle of the Radius andche Cofine of the 
Difference of the Arches. 

For B I = CI J < i XG , and by fimilar Triangles C B 

CG 

^CIxCD And CD . DG .. fiE 0f E j__ 

CG 
t^xQI . BN _ DGxEI _ DG*xCI _ DGxEI 

CG "" CP CDxCG CD 

CD*xCI . CG*xCI _ PGxEI c „ CGxCl 

CDxCG + CDxCG CD + CD * 

therefore PG»SI+CGxCI _ c B+B N=c N 

tu 

SCHOLIUM L 

This Prop, and its Cor. holds univerfally for all 
Archesv putting .negative Cofines for Arches greater 
than a Quadrant. . 

SCHO- 
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SCHOLIUM II. FIG, 

From the foregoing Propofitions it follows, that if 
Radius a=i. And 

S, C= Sine, and Cofine of half the Sum of two 

Arches 
s> c = Sine, and Cofine of half their Difference, 
x then » 

S c +C s= Sine of the greater, * 
S c— C/= Sine of the lefler. 
Cr— S j= Cofine of the greater. 
Cc+S j= Cofine of the leffcr. 
Alfo, 
If Z= Secant of the greater Arch, »= Secant of 
the leffer. 
Y= Cofecant of the greater, y=t Cofecant of 
the leffer. 

Then J? Z £ = Secant of the Sum. 
Yy — Zz 

,? yZ 2 = Cofecant of the Sum. 
Zy±Yz 

J^ Z * = Secant of the Difference. 
Yy+Zz 

J yZz = Cofecant of the Difference. 
Zy—Yz 

PROP. VII. 

If three Arches (AF, AN, AP) be in arithmetic 4 , 
JProgreJJion, 

The Sum of the Sines of the Ex tr earn Arches : 
To their Difference (S. greater «— • S % leffer) : : 
As< Tang, mean Arch : 

To Tang . common "Difference of the Arches. 
For drawing the Lines as in the- Figure, then by 
fimilar Triangles, 2 O B or P G+F H : 2 O D or P I 
::OB: OD::OL:OF :: NM:NK. 
Cor. 1. In any two Arches (A F, A P ;) 
As Sum of their Sines : 
To their Difference (S. greater .— S. leffer) : : 

C 2 Tang. 
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.FI G: Tang. Mf their Sum : 
4. Tang, half their Difference. 

For the mean Arch = f Sum of the Extreams. 
Cor. 2. In any two Arches (A F, A P,) 
The Sum of their Cofines : 
Their Diff. (Cof. leffer — Cof greater).: : 
As Cotang. half their Sum : 
Tang, half their Difference. 

ForCH+CGor2CB:CH— CG or 2DF:: 
CB:,BH:: R O : OF : : SN : NK. 
Cor. 3. In any two Arches (A F, A P,) as 

S. greater : S. leffer :: T.\Sum+T.$ Diff. : T.^Sum 
—T.fDiff. 

For by the Demonftration of this Prop. PG-j-FH : 
P G— F H : : NM : NK. And by Compofition and 
Divifion PG : FH : : QM : KM. 
Cor. 4. In any two Arches (AN, NP,) as 
The Sum -of their Tangents : 
Their Difference \ (Tan. ghat er^ — Tan. leffer) : : 
Sine of their Sum : 
Sine of their Difference. 
Let A N be the greater, and make N F = N P, 
then by Similar Triangles, QM : KM : : (PL : FL ::) 
PG:FH. 

Cor. 5. In any two Arches (A N, N P,) as 

Tan. greater : Tan. leffer : : S. Sum -f S. Difference : 
S. Sum — S. Difference. 

For let AN be the greater, and make N F= NP» 

then A P is the Sum, and, A F is the Difference 

of the Arches ; and by Cor. 4. we have QM : K M 

: : P G : F H. And by Compofition and Divifion, 

: QM+K M of N M ; QM-K M ; 

2 2 ^ ■ 

FH-.PG-FH. 

Cor. 6. Let A be any Ar ch lefs than 45 , then 

S-45+A+ Cof. 45+A : / 

5.45+ A — Cof 45+A : : 

Radius 
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Radius : ' FIG. 

Tan. A. ; 

This appears by this Prop, putting A N=45% and 
N F=N P= A. 

SCH OL I U M. 

The Proportions here delivered hold univerfally, 
obferving to take negative Cofines and Tangents for 
Arches greater than a Quadrant. 

'". PRO P. VIII. 

In any two Arches, AE, ED; - 

Radius Square -— ReSangle of their Tangents : . 

- Radius Squari : : 
Sum of their Tangents : 
r Tangent of the Sum of the Arches. 

For by fimilar Triangles CB or C A— B A : Cfc 
or CF— K F : : C F : C A. Whence C A 1 — B A C 
;=CF*— KFC, and K F C=C P— C A*+B A C^t 
FA*+BAC. Again CB : BK :: CF : FA,and 
BK : DG : : KF : FD or FA, therefore exifti 
CB or CA-AB : DG ;: CFKorFA'+BAC 

:APi therefore A C — A B x A F '=D G x FA'4» 

DGxBAC. And AB + DGx AF* = ACx 

Al-'-ABxDG, QE.D, 

Cor. i. Let T, / be the Tangen.ts, X, *, the Cotan- 
gents of two Arches, then — = *~ — = Co- 

tangent of the Sum of the Arches. 
For kt r = Radius* t=s Cotangent of the Sum: 

Then A C= 1^ arid AB+DG xrr=— x rr— AB 

t r 

•* w «. .- rr—ABxDG re&.Cot — rr\ 

ZdG, whence t= aB+dq = ^^ , 

Q3 C*r. 
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FIGt Car. 2. If one of the Arches be 45% /=s Tang. 
Other Arch* (hen r-3— x r= Tang. Sum of the Arches. 

SCHOLIUM. 

What belongs in general to the Addition of Tan- 
gents and Cotangents, is dehrered in this Prop, and 
its Cors. AM Cafes where the Arches are greater than a 
Quadrant will eafily appear by putting negative Tan* 
gents and Cotangents for thefe Arches. 

PROP. IX. 

S- In any two Arches A D, A E, a s 

Radius Square + Re ff angle of their Tangents : 
Radius Square : : 
, Difference [or Tangent greater — Tangent lejfer) : 
Tangent, of the Difference of the Arches. 

For you will find as in the Iaft Prop. C B : D G : : 
CFK or FA*+B AC : FA*. ^£. J>. 

Cor. i. Let T, / be the Tangents, X, x the Cotan- 
gents of two Arches 5 then I£^^=I!i-f — 

tartgent of the Difference of the Arches. 
This appears by putting — for the Tangent of the 

Difference. 

pr. 2. If one of the Arches be 45% * = Tangent 

pf the other, than ~— -r = Tangent of their Diffe- 
fence = Tan. 45° — Taiw of the other Arch. 

SCHOLIUM. 

For Arches greater than a Quadrant, put negative 
tFangenta and Cotangents. 



? R-0 P. 
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Hop. x. . 

» 

The Secant of an Arch is equal to the Sum of the fan- 
gent of i?, and the Tangent of half its Complement. 

For let A = Arch, T its Tangent, /its Secant. 
4=t Complement, / its Tangent. Then by SchoL 

Pr. II. f= r J±LL, and T^-IzH, and /— T=/, 

whence Secant of A= Tangent of A+ Tang, i Com* 
plementofA. 

Cor. i. The Secant of ah Arch =Cotangtht of 
half the Complement --th^ Tangent of the Afrch. 

•** r r 
For S+T=— = Cot. dz=: Cotang. i Compl. of A. 

Cor. 2. Half the Sum of the Tangent and Cotan- 
gent of an Arch is = Seeaht of the Difference be- 
tween that Arch and its Complement. 

For by Schol. Pr, II. i Tangent -f i Cotangent 
2±: Cofecant of the double Arch, and the Complex 
fftent of the doable Afch is the fame as the Difference 
between the Arch and its Complement. 

Cor. 3. As Radius -f Secant : Radius : : Tangent : 

Tangent of half the kich. For r+I±£f or ^ : r 

T / T / 

. irr 



«*» 



AUjM 



T / 



: /. See Sch. Pr. II. 



CoTi 3. Secant of an Atch A= Tangent of 45+iA* 
«*- Tangent of A. This follows from Cor. 1 . 

SCHOLIUM. 

From what has been before laid down, it will pot 
be difficult to find the Sines of as many Arches as we 
will, exprefs'd in furd Numbers. As in thefe follow- 
ing, where the Prop, in the Margin (hows whence 
and how they are derived, either immediately, or by 
help of what Step. 

C 4 Pr, 
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F I G. p r . IV, 7. Step 8. 
Pr. IV, 7. and II. 3. 
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Pr. IV, 7 •, Step 6. 
Pr. Ill, Step 12. 

Pr. IV, 7. Step 2. 
PrIV,7. 

Pr. IV, 7. Step. 2. 

Pr. IV, 7. Step 4. 
Pr. IV, 7. Step 6. 
Pr. I, 1. Step 2. 

Pf. IV, 7. Step 8. 
Def. 2. 



1 

2 



3 

4 

5 
6 

7 
8 

9 
10 

ii 
12 



S. 15 =in/ 2 — ^3. 

S. 18 =rx*fc£. 



S. 22 i=ifV2— - v^2. 
S. 30 ~ir. 

S. 36 =^10—2^5, 

S. 45 =ifV2. 

S. 54 =nc^±I. 
S.60 =i V 3; 

s. 67 i=w^y*i_ 

S. 72 =^V io4-2V 5« 

S ? 75 =;W 2 +V3- 
S. 90 =r. 



And thus you may find as many Sines as you pleafc 
by Prop. III. Cor. 6, 7, 8, 9. And Prop. IV. Cor. 
7. and rrop. V. Cor. 4, 5. by the help of thefe al- 
ready found ; but then they will be ftill more and more 
compounded with furd Quantities, except you chufe 
to extract them. The Sine of 1 8 in Step the fecond 
is not fo eafily derived as the Reft, it is had thus. 

Puti=S.i8. Then by Pr.IV.7. S-36=V 



r r — r s 



2J 



and by Prop. II. 3, the fame Sine of 36= — *Jrr — ss ; 



which equated and divided by <Jr — j, and then re- 
duced, you have a Cubic Equation 8 s l -(- 8 r s s = rJ 

And the Root is *=s ' v ^~ 1 x r. 

4 



SECT. 
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SECT. II. 

'the Calculation of natural Sines, 'tangents, and 

Secants of Arches. 



PROP. XL 

The Radius and Sine A B of an Arch DB being gram » p t q # 
to find the Arch. ' 6. * 

Take the Arch Bh infinitely fmall, and draw B/|| 
CD, and hsu l\BAj and let CBorCD = r, AB 

T=y, DB=z, CA=*/rr—yy, Bb=z, sb=y. The 
Triangles CAB, and Bsb are fimilar : Therefore 

CA (Jrr—yy) : C B (r) : : sh (y) : Bh,orz = 
■ r y % . And the Fluent is z==y+- ^ — ;+-AJ— 

4. ^-5/ I 3-fi-7J» & . or Arch D B=y+ 

J2^ A+ i^2l B+ 4^C+2^1 Dtff. putting A, 
2-3fr T 4.5rr 671* 8.9^ 

B, C, &f f . tor the firft, fecond, third Terms, &c. 
Cor. 1. If d= Diameter, c— Cord of an Arch, 

then the Arch =f+-±L,A+J^B+i^ r C &c. 

2.30a 4«5« 6.7a 

Cor. 2. Let Q== a Quadrant, then the Arch whofe 
Cofine is y is =Q— y £-. SJiL— ■ Z ' S f a 

Or the Arch whofe Cofine isjr is =i— ^-J 



+ 3 * -^3 +3 * 5.x- f7 T^\ » # * 



2^ 



PROP. 
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FIG. PROP. XII. 

6. The Arch B £) being given -, to find the Sine B A.. 



r: 1 



Let C Dr=r, AB±=y, DB=r*. Then by Prop. XI. 
a=y+JL + J2L + J^-Lfcfr. By the Method 

of Reverfion of Series, fuppofe y=zba+ca*+da s -[- 
ea 7 9 6fr. Then . 

y =z ba + ra'+ ii J + ea 7 l$e. " 
6rr 6rr 2rr 2rr 

^4-or 4 ^4or* T lr+ | 

then equating the homologous Powers of a 9 bat=a, 

and bsz i . Alfo r+ JL.— o, and r= — r-*r > > ; « 

6rr 6rr 2.3r* 

Alfo <i4- — 4- * =o* Whence ii=-i-r = 
2rr 4or* i2or* 

LikeWtfe g= ~* = . ■ ~* — >- CsiV. 



a '3*4 / 5 f4 " 5040^ 2.3.45.67^ 

Whence 7 or AB = a— *• — ^ — k. >* 1 — +.— 

2.3 rr 2.3.4.5^ 

2.3.4.5.67^' 

Or Sine ABt=a — JL^A *f_B~-^rC^ 

2.3 r * 4-5^ &7f* 

- D, &fa. where A, B, C, 6fr. are the foregoing 



8.9 r 

Terms wftfi thett Signs. 

Cor. i.,If j be any Arch, its Cofine C A = r — 



1.2 r* 3.4 r x 5.6 r* 7.8 r* 



k 



For 



.! 
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, / "..+ a/ . * FIG' 

__ aa t ** ^ L 

~" ^ "" r i.2r 1 "i.2.H' J 1.2.3.4.5.6^^ 

* -tie. 

dr.* 2. If ^ be the Diameter, a any Arch ; then 

the Ofd -'-^ A - 4 ^ B ~" 6^ L_ "8iJ* 

PROP. XIII. 

The Sine and Cofine of an Arcb A being given, arid if 
tbtre to given anther Arch z\ to find the Sine ana Or 
Jke of the Sum of the Artbes A-H*, and aljb of the Dif- 
ference A — z. 

Let j, c be the Sine and Cofine of A. And by 
Prop. XII. and Cor. 1 , the Sine of the Arch * ts *— 

? i z * m tfc. =B. And its Cofine '——+7^:, 
1? 1 tor* 2r 2+r 

fc>V. =D. Theft by Prop. V. and Cor. i. and Prop. 

VI. and Cor. i2±£l=S.AT%. And £^ = 

r T 

Cof.A+i. And &l5:=S.A^£. Andilil- 

f 

= Cof. A— z, that is. 
5.A-T-Z- J + 7 — 7ZF 2.3 r» T J.2.3-4^. 

1.2.3.4.5 r 5 , 






2 ' 3 - 4 ' 5r - S.A-* 



1 
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. ■ 

FIG. cz SZ % . CZ* . JZ* cz s - 



r ar* ' ^.$r i ' 2.3.41* 2.3.4.5^ 

Cof. A^E=r+2-Sg — S^j+.-Lh — 2L_^ 

r 2r* 2.3^ 2.3.4^ 2.3.4-5^. 

— tic- 
Car. 1. If there be given s, c, the Sine and Cofine 

of an Arch A ; and s-f-x be the Sine of another Arch 

A+z j then the Difference of the Sines #=±i£ -^ iiL 

- r 2r* 

— + sz * , fcfr- And the Difference of the 

2.3 r s 2.3.4 rt • % 



f. •■* * • 



Arches sr^x : *f i* +gj^>+^+^j^g ft 

For by this Prop, the Sine of A+z, or s+x = s+ — 

—£51, ©V. and #=— — ifL, fcfr. and by Reversion 
2rr r 2rr 

of Series 2; is found as above. 

Cor. 2. The fecond Difference of the Sines of A — *, 

A, A+s,is = 2Jx:— 5_ : + 

i.2r x 1.2.3.4^ 

— GV . (for in any three Things, the 



1.2.3.4.5.6 r 6 

-fecond Difference is equal to the Difference between 
twice the mean, and the Sum of the Extreems.) 

PROP. XIV. 

g The verfed Sine of an Arch D B Being given y to find 

the Arch. 

Let CDs=sr - P A=p. ' Ku—v. DB=:2. Then 
AB=V2rv — vv. The Triang les CAB and Bsb 
are fimilar, therefore Virv — vv :r ::v iBbov Zzs 

_ ■■ ; - > And the Fluent isz=V2rvx : 1 + 

Virv — vv 

v 
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-f ?- 5 ? ,, Gfc. that is Arch DB FI . a 
2 4 .4.6.7r J 



*d , 2^* 



.''-*. ' oJ ^ ,-*. x 



3.2 r 2\j^gr 

3* r 5.8 r 7-i2r g.ibr 

Or rather D B=Jdv+ ^- A+ -2^-B+ -&-C&C. 

2.3 a 4.5^ 6.7* 

putting J = Diameter. Where A, B, C are the fore- 
going Terms. 



Cor. 1. In any Arch a> the verfed Sine is = — — 
« a A " B— i* C- &c. where A, B, C 



3.4r a 5.6 r 2, 7.8 r 

are the foregoing Terms with their Signs. 

For Radius — Cofine is equal to the verfed Sine, 



a* 



and by Cor. 1 . Pr. XII. the Cofine is r f~ 

r.2r ' 



<fi 



»&c. 



i. 2.3.4^ 
Cor. 2. The 1 cov<jrfcd Sine of the Arch a, is =r — 

a-\ 3- — H z — & , fc?V. for it is 

2.3 r* 2.3.4.5 ^ 2.3.4.5.6.7^ 

= Radius — Sine. 

Cir. 3. Verfed Sine of the Supplement is — %r 

-- ^A— fl^B " C £LD,fcV.for 

1.2 r* 3-4^ 5-6rr 7.8 r 

it is = Radius + Cofine. 

PRO P. XV. 

The Tangent D T of an Arch D B being given 5 to g # 
find the Arch. 

For draw C/ infinitely near CT, andT/i-^C/, 
a nd let C D=r, D T=/, T /=/, D B=z, C T= 

Vrr+tt. ' 

The Triangles C D T and T / n are fimilar, as alfo 

C B by and CT», whence CT:r::/::m T= r— 7, 

and 
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* IG ' «nd C T : »T cr XL : : f : B*=-^4 that is a = 



-» I V» 



rr+tt 

Md the Fluent is *-/— i^-f- JL; — £L. -L, £fr. 

3 r 5>* 7^ 

that is» Arch D Bxc/— -ii-4, J~~ JL+J!L fcfo 

3 r 5 r 4 7^ gr* 

Cor. i. /» on Jrcb a the Tangent is =a-L * - + 

° ' 3rr 

2 a* , 17a 7 , 62* 9 . 1282*" . 21844a 1 * 
J 5^ 3*5^ 28357-' I559 2 5 r 6081075^* 

^638512875^^ 

This will appear by Reverfion of the Series *—/— 

/' t* 

— H — -y &c. Or rather by multiplying the Sine 

by the Radius, and dividing by the Cofine, thus 

or i2or J ^ 

< <» mi. it > 4 = x^ngenL 

2r 24^ 

C<7r. 2. 5T£* Cotangent of an Arch a isz=. — i 

* 3 

J? 2tf g __ t * 7 2 I 9 1382^' 

45 fX 945^ 47 2 5'* 93555** 638512875^ 
l824 4 3 * 25r »» — **'• M wil * appear by dividing Ra- 
dius Square by the Value of the Tangent in Cor. 1. 
Or the Coline by the Sine, and then multiplying by 
Radius. 

&r.' 3. Hence alfo if t be the Cotangent of an 
Arch, then the Arch =!I-ll^-^-hil- 

T 3 Ti 5r S JT 7 QT* 

&c For/=^. 

T 

PROP. 
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PROP. XVI. FIC * 

tbe Secant C T of an Arch D B faing given $ to find 6. 
the Arch. 

Let C D=r, C T=/, »/=■/ D T=V^r7, ^ ]j 



=z, then by fimilar Triangles DT :r ::/: nTxa 
^and/:r;;»Tor^»*^-^ r* = 

7^4* and the Fluent is z*= - g- * -. ^,. 

^'Y r* ^-. but in D, 2?=^3nd/=r, therefore 

2.4.0.7/ ' 

(he Fluent carrc&ed is, Arch DB or xm.r x :/7Tx 

/ 



2.3/* T a**/ 5 8,4.6.7/7 x 

Or /Aar, in the Point F, a= a Quadrant Q^ tad 
/== infinity. Therefore the whole Series =o. There* 

fore by Corre&ion *— Q=o— -» — , fcfr. whence 

Arch * or D 15=0^1 -TL VJL— ™ r% 

f z-3P 2-4-5J 5 2.4.6.7/^ 

0\ 1. If o- be the Cofecant of an Arch, then the 
Arch is ==!!+ -lL+^ilL+ . 3 '^ . + fcfo for 

. <r 2.3 <r* 2,4.5 c* 2.4.6.7 <r 7 

this is the Complement of the Arch whofe Secant is 
c, by this Frop. 

Cor. 2. In any Arch a 9 the Secant =r+ff + JfL 

, 2r 2^r 5 

, 61 a 6 , 277 * 8 , 5<>5» 4° i g4Q553 *'* . m 
^720 r J ^ 8064^ 3628800 ^^958003 20 r 11 " 1 " " 
For Radius Square (rr), divided by the Cofine (r — 

— H p &c.) is = Secant. 

2 24r J 

Cor f 
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FIG * Cor. 3. The Cofecanf of an Arch a is = H+* + 

7"' + 3' fl '. + I2 7" T ■ 73 a' . 
36or' i5i2or* 604800? 3421440^ 

1414477"" +fe?f , for Radius Square divided 
653837184000?-" 
by the Sine = Cofecant. 

SCHOLIUM. 

If an Arch be given in Degrees, its length may be 
found thus : When the Radius of a Circle is 1, half 
the Circumference is 3.14159165358979, therefore 
3.14159 &c. =) i 74532Q 2 5I9 q 4 — length of 1 

Degree, Therefore if r be the Radius of any Circle, 
then rx, 01745 6?f. = length of the Arch of 1 De- 
gree in that Circle. Confequently rx, 01745329 ferV. 
x Number of Degrees and decimal Parts, gives the 
length of the Arch. And this mult be taken for, a 
or z in the foregoing Proportions. 



SECT. 
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SECT. IIL 

The Calculation of logarithmic Sines y Tangents, 

and Secants. 



Tho' the finding the logarithmic Sines, Tangents, 
6?c. is no more than finding the Logarithms of the 
natural ones by a Table of Logarithms : Yet thefe 
logarithmic Sines, Tangents,. &c. may be found 
Without the Table of Logarithms, of elfe without the 
natural Sines or Tangents, and fometimes without 
cither, by having only the Arch given. 

The logarithmic or artificial Sines, Tangents. and 
Secants are calculated to the Radius i with 10 Cy- 
phers annext, viz. iopoooopooo; fo that the Log. 
Radius will therefore be 10. But in calculating thefe 
Sines, Tangents, or Secants, we can more eafily com- 
pute! them for the Radius i, and then adding 10 
[ives the Log. Sine, Tangent, or Secant, to the 
Radius of, the. Tables. Therefore 

In a Circle whofe Radius is i, the Log. of thai: 
Radius is o r and the Length of an Arch of i Degree 

= ?' ~f — £2-=,oi 745329252, and this Num- 

ber multiply*d into any Number of Degrees gives the 
Length of the Arch of thefe Degrees, for the Radius 
1. and this Length muft be ufed in the following 
Proportions, when the Degrees are given. 

Now if you put M=:,43429448i9, and having 
any Quantity given (expreffing a Sine, Tangent, &JV.). 
you have no more to dp but to divide the Fluxion of 
that Quantity by the Quantity itfelf, and find the 
Fluent by infinite Series, which multiply *d by M is 
the Logarithm of the Quantity required. 

D PROP. 
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FIG. 

PROP. XVII. 

To find the logarithmic or artifkial Sine of the Arch x. 



Let jr= nat Sine of x, then by Prop. XII. 
£+— 2L, fcfr. where ran. Andv=#— $£ 

6 I20 5O4O J 2 

24 720 jr * 3 45 

af^-J^L, tff. and Fluent of m! or the Log. y 

945 4725 * * * ' * 

= Log. x— M x : r+ -£-+ 4—+-^=—+ & c - •» 
s 6 n 180 2835^37800 

which add 10, and you have the logarithmic Sine in 

the Tables j and that without knowing the natural 

Sine. 

Otberwife. 

Let z=>~2, where y= nat. Sine j then will j= 

i=f , and i=-Z2£ = — 2 X : i+a'K+^f-r* 6 ** 
i+z v 1 — zz 

fcfr. whence FL M-?, or Log. j^=: — 2 Mx*+f *'+f ** 

+ j z 7 fifr.- And the log. Sine of the Tables =10— 
2MX : »+3« 3 +72 5 +f2 7 &?*• which is had without 
the Table of Logarithms. 

Or thus. 
Let yzz nat Sine, 3= Cofine, Thenjcsili — zz, 

and 5=-IZ2£-r — z£— **&— s 5 £, 6fr. whence FI. 

J I— rZZ 

5!i=— *Mx : s'+^+^+i fcfc. and log. Sine of 
^ a 3 4 

the Tables =10— *Mx : *+**+K+to #'- 

And thus if you have any other Line or Quantity 
in the Circle, given, by which you can compute the 

Sine, 

4 
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Sine, you may, From that* find the log. Sine. And FIG. 
the like may be done for the Tangent, or Secant. 

&r. Hence if j= log. Sine of f A, half an Arch 
given ; then the Log* vtrfed Sine of A=. 30^300+ 
2 J— 10, for the Tables. For Rad. x verfod Sine = 
2 Sine Square of the half Arch, by Cor. 2. Prop. II. 
and .30103100= Log. 2. . 

Or thus. LQg. verf. of Arch #=10.3010300+2 log. 

i*-2Mx: ^+-£—-+—1 — +—Ji &c. 

4*6 4.180 4^2835 4 4 -378ao 

fep j (or Ihe jog. Sine of far); = 10+ log. -Jar, — M X 

**4 £~ , £?<:. 

4.6 16.180 

Or /4/Wy, If z= Cofine, then log. verf. =io*—MX 

2J* jjl o^ 2j5 

: z-\ 1 1 1-—, tsV. For i — z=» verfed Sine, 

2 3 4 5. ? 

and its Fluxion - = — z — zz — z x z* fcfr. whofe 

1 — z 

Fluent is — Mx -z+iz % +?z\ &c. to which add 10. 

PROP. XVIII. 
Tbt Jbtd* X htty gam to firi 

. ByCor.t.Ff.XIL the Cofine j~i-£*:+!L~JL 

. 2 24 720 

GV. therefore 2= — xx—\x l x——x i x--12-x l x>&c. 

m& the FL 2i* or Log. *=>-M x r i**+ -I* 4 *— ** 

jr * J 12 45 

H Z-ar^fciV. And the tab. Cof. of die Arch-* **= 

2520 

10— Mx:V+— ^+JLx 6 +JL2-.^+ fcfa And that 

"12 45 2520 

without either the nat. Cofine or the Table of Loga- 
rithms. 

Or the log. Cofine may be found in the fame Man- 
ner as the Sine, in the two laft Methods in Pr. XVII. 

D2 PROP. 
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FIG. 

PROP. XIX. 

Given an Arch z 9 and the Sine and Cqfine of a n Arch 
A 9 to find the log. Sine and Cqfine of the Sum A-f %, 
and alfo of the Difference A— z. 

lit the nat. Sine and Cofine of A be j, c. y=z 

S.A+5. Then by Prop. XIIL ^=j+15-£^-£|! 

i 2 6 

-J ©v. and ■£= 1 — — — -2-—- *% tsfr. 

24 y s ss s* 3 J* 

and the FJ. M^ or Log. y=Mx: — — 1 — r — 

y ° ' s 2ss 3i J 

Lfci££s*, fcfr. but when 2=0, ^=J, therefore by 

I2J 4 

Correction, 
Log. y — Log. ttMx : &c. whence the 

S 2SS 



cz z % . cz z 



Ug. S.A+*= I*i + M x : 7-77J+57 - 

* • 

liHfz*, 6fr. and after the the fame manner 

I2J 4 

cz. z* .cz* 

-r I" I ■ •» 

J 2JJ 3^ 



■X*. S.A-z = ^J-MX :?"+e:+S + 



J±*££* f tfr. 

I2J 4 



jz, z* , J2? 



Log. Cof. A+* = !«?. *-Mx : ^+^+"^+ 
I^f. Cof. A=Z= Log. c +MX : 7-—+^- 

PROP: 
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PROP. XX. FIG * 

ne ArcbxbHnggivmtofinditsLog.Tmgeni. 
By Cor. 1. Pr. XV. the Tangent /=*+£*'+—** 

-g- *\ &c therefore ?=lp** + 1^+124,, • 
35 ' * 3 45 945 ' 

fc?r. whence Lbg. Tan. /= Log. *-J_M X : I *»+Z* 

*8i£ + T8ife* ' ^ t0 whicfa ad ^ 10. 

Otberwife. 

*?£*!&£.** ** A+x - *< *•» «/ 

LetTan.A=a, Tan. «=/,,,= Tan. A+S. Then 

by Rop. vm. ,=£j. ,„d ji= t^ / , „,„ y = 

— r * i — at y 

«+;^./-w ^'-^^-r-* thcn | 

=^X:^-f//+i+^.///-2r-f c 1 ./'/, fcV. and FL 
Mj or Log.^=3Mx :/—if //+i±£i/J_l£±iV, 
«*. but when * and /=o, y^ th 3 en b c^J 
"*• y ~ LoSi^^Mx : /—if//, £jf c . that is 

"^~" /J ~—^~ /4 » ®f» and the fame for the Log. 
Tan. A—x, changing the Sines of the odd Powers of/. 
But if A=4 5 % then a=x t and &=-*L-2/+ 
jt**+2 /**, Cfc. A„ d confequently Log"." or FJ. 
ybaMx U-K'44' 5 . <&• that is 

D 3 Z^« 



3$ : <tli ELEMENTS .Boc&Z 

F IG * Log. Tan^£?x=zMx : /+^+^+^ **• 

But if inftead of / you put its Value *+!*'+ ^* 5 , 
fcfr. and the Fluxion for the Fluxion, the* will — - 

"" 3 45 

or i*. i* 4l4^ =* M x : *+f * ,+ | **+ jri *■ 

fcfr. and hkewife 

Log. Tan. ^f^=-2Mx : '+£+£#<• =-*M 

3C*4- -gs^--**, ^ t0 eacil of whic * add 10 for the 
% tabular Log. Tang. 

Or. 9"** L*. Co/, of *=io~ Log. x— Mx : --+ 

90 2835 "8900 _. 

jnd Log. Cot. A-f*= is the fame as the Leg. Turk 
of A — x, found before. 

PROP. XXI. 
2*0 jfai f fe logarithmic Secant of a given Jrcb, 
Let x be the Arch, y its Secant ; then by Cor. 2. 
Prop. XVI. ^=i+^ 1 +^* 4 +^^ **• whence 

i=*x+^*'*+— xtf+i^* 7 *, &. then Log. > or 

y * 5 3*5 

Fluent M£=M X : r+n + 5 + i?5 + m3?J " 

x % %* x 6 1 
&c. hence the tab. log. &tftfsioH-MK : ^-r-^+^rr 

2520 y ^ 
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Or thus. F l G - 

To find thi hog. Secant of 45+ z. let Log. Secant 
45=y, by Prop. XIX. log. Cof. 45+2= log. Cof. 

45 — Mx: — \* — , &c. = (becaufc s = c 9 r=i.) 

€ 2CC 

log. Cof. 45— Mx : z+zz> 6?r. but by Cor. 2. Pr. I. 
Secant x G>finc =1. Or log. Secant =■— log. Co- 
fine. Therefore, log. Sec. 45+2;= log. Sec. 45+M 
X • J z+^+^&fc. that is 
I^jf. &r. 45+z=s+Mx :z+z z +$z i +^z\ fcrV. 
&r. ?fo %. Cofecant of an Arch x is =10 — Log. x 

+ M X : 5+41+41.+-^-,^. For log.Cofe- 

6 ' 180 ' 2835 37800 . 

cant = — log. Sine, when Radius is 1. 

Or log. Cofecant of 45+2* or log. Secant of ^g—z^z 
j— Mx : * — &+yZ* — ?z? 9 &c. by this Prop, chang- 
ing the Signs of the odd Powers of 3, 

SCHOLIUM I. 

Having the log. Sine, Tangent or Secant giver, 
the Arch belonging thereto may be found by the Re- 
verfion of Series. As fuppofe there is given T the 

log. Tan. 45+x, then T=io+2MX:^+^ j +t^ 5 

&V. by Pr. XX, and *+**'+***, &c. = ^=^== / 
/ 2 M 

fuppofe, then by Rcverfion *=/— i/ J 4-— I s tec and 

— — = Degrees in x. 

,0174532 

Aga in, let there be given K, the log. Secant of 

45+z, then by Prop. XXL K=j+Mx: z+&+$z\ 

. GV. then z+z*+\z\ fcfr. =£=£=/. Then by Re- 

M 

verfion z=/— ll+$P 9 fcfa which divided by ,017453a 

will give the Degrees in z. 

D4 SCHQ- 



40 flfc ELEMENTS Book I. 

FIG ' SCHOLIUM II. 

In any Arch let log. Radius 3=r=io. 

szz log. Sine. /= log. Tangent. y= log. Secant. 
*=:log.Cofine. t = log. Cotangent. <r= log.Cofccant. 
Then 

s zzc+t—rrzzt+r—f—c+r — r=2r— <r. 

c=s+r — /=2r— y==j+T— r=r+r — «-. 

/ z=:s+r — r=2r — t. 

rz=.c+r — s=nr — /. 

f-=.t+r — s~yr — s — n=<r+r — r=2r — c. 

cz=Lr+r — czzzr— c— t-=,f+r— /=2^— s. 

By what has been delivered in the two laft Sefti-? 
ons, the Sines, Tangents and Secants, of all 
Arches, whether natural or artificial, may cafily be 
found j and from thence the Table of Sines and Tan- 
gents may be conftru&ed, with great Eafe and Ex- 
pedition. Or any particular Numbers in the Tables 
may be computed anew, and any Errors correfted 
therein. But the nat. Sines and Tangents being firft 
found, the artificial ones are mod eafiJy had by a 
Table of Logarithms; for this Reafon I have not 
continu'd the feveral Series in this laft Seftion to any 
great Number of Places ; intending rather to give 
the Reader the Principles of Calculation than the 
Calculation itfelf; fince in all Probability there will 
be few Perfons who will take the Pains to calculate 
them anew. But if any has a Mind to do it, he may 
himfelf continue any of thefe Series as far as he 
pleafes. 



Sect, 
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SECT. IV. 

< tbe Calculation of the Sines, CoJSnes, Cords, &p. 

of multiple Arches. 



PROP. XXII. 

If a Trapezoids CD E, whofe Sides BE, CD are piG 
farallek he infcribed in a Circle ; and the Cords B D, * 

CE be drawn -, I fay, BD*— DE*=BExCD. I9# 

Make Angle EBO=CBD, thenEBD=CBO; 
and fince BEO=CBD, therefore the Triangles 
BCD and BOE are fimilar, and BD : CD : : BE : 
OE, andBDxOE=BExCD. Alfo fince Angle 
BCO=BDE, the Triangles BCO, andBDEare 
fimiJar, whence BD : DE : : BC : CO, a nd BDx 

C 0=D ExB C=D E\ Therefore B DxO E+O C 
=BExCD+PE% that is BDxQE or BB*=BEx 
C D+DEs or B ExC D=B D*— D E*=B D+D E 
XBD— DE, 

Cor. i. If A be any Arch, and BCorDE=» 
times A, and BD==w times A. Then 

As Cord of m — n . A : 
Cord • m A-f- Cord . n A : : 
Cord . wA- Cord . n A : 

Cord » m+n . A. 

For C D is the Cord of m—n times A, and B E of 

fn+nxA. 

Cor. 2. As Co rd of A : 

Cord . 0+i .A-j- Cord . n A : : 
Cord. *+i.A — Cord.arA : 
Cord. 20+ 1* A. 

Xtttt a Ppcan by putting m=n+i 9 or CD=A. 

Cor* 
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FIG. Ci?r. 3. As Cord of w— i • A : 
19* Cord . m A+ Cord . A : : 

Cord . j»A — - Cord . A : 

Cord m+i . A. 
This appears by putting *=i, or C Bor fol&ss: A. 
Cor. 4. If three Arches CD, BCD, BCDE are 
in arithmetic Progreffion, BD*—BC*=CDxBE. 

PROP. XXIII. 

22# In the Circle AEB, wbofe Diameter is AB, if tit 
Arches AD, E F, F G be taken equal to one another* 
and the Cords BD, BE, BF, BG drawn. I fa, 

As Radius C B : Cord B D : : fi the middle Cord B F 
: B E+B G, the Sum of the extream Cords, 

For produce B E to H, and make F H=sF B* then 
'JL B H F=H B F=F BG, and draw the Cords E F f 
F G. Then the Angle B E F=B F G+F B G, both 
ftanding on the fame Arch FGB. AlfoBEF= 
EFH+EHF=EFH+FBG, therefore EFH= 
B F G. And the Triandes E F H, F B G are limifer 
and equal. Whence HE=GB, and HB=EB+ 
B G. Alfo the Triangles D C B and H F B ate firm- 
Jar, therefore BC:BD::BF:BHor EB+BG; 

Cor. If Arch AD=cA, Arch B F=»xA. Then 
As Rad : 
Cord . fup. A : : 
Cord . n A : 

Cord . n — 1 . A-f Cord . n+i . A. 
And the fame holds in refped of the Cords of the 
Supplements of theffc Arches, if A F be fuppofed to 
be made equal to n A. 

SCHOLIUM, 

If the Cord B G lye on th? other Side of B* then 
B G is negative. 

PROP, 
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~ . PROP, XXIV, FIG. 

fbe Sine andCqfine of an Arcb y being given ; to find 
tie-Sine of n times that Arch. 

Let #=: Cofine, y=* Sine, given. And A the 
given Arch, **d at prefent let Radi us t= t. Ti iea 

by Cor. 7. Prop. III. 2#xS.»A=S,0 — i.A+S.»+i.A, 
whence S.n+ 1 .A=s 2xx S. * A— S.» — 1 .A . Or be- 
ca ufe xx +yyzz i.S. n+i. A=2 *xS . » A — tftf+jy? X 
S.ar — 1 .A. That is if any Sine be multiply'd by 2 x 3 
•nd the «ext preceding one multiply'd by xx+yy* 
and fubtrafted from it, gives the next following 
Sine. Thus you will have 

S. A==y. 

S^A^x^-^*. 
S.4A=4^ ? y — 4*7*. 

S.£A==5*^--iotf*/+/« &?'• 

In what follows, if a denotes any variable Quanti- 
ty, then I denote its firft and fecond fucceeding Values 

by a , 0, &c. and its firft and fecond preceding Values 

••I -* - 
by a % a X$t. and fo of others. And with thefe I 



-p-i, 



proceed according to the Method of Increments in 
calculating the following Prdpofitions. 

Suppofe then arty Arch, as »A, is reprefented in 
general thus, S.» A=/* #»— J y — aXB—if+bf—sy* — 
fcfr. then according to the Conftru&iori of Sines, be- 
fore mentioned, we lhall have 

2mfy — 2a#—*y*+zb#—4y* — We. =S.nAx2^ 
—nx n y-{- ax"~*y* — bx*—4y s — &V.1 

— t — 1 J 

sfi*+i. x*y~ax^y*-\-bx*-*y* — &fa =§•»+ * • A. 

X I 

Hence equating; the Coefficients of the homologous , 
Powers, »+i=2»— 0, and *=#—». That is »=i. 

likewife 
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FIG. likewife *=2a— *+», or*=2*— -a+n> whence *-— 

X —J —I 2 f -ft 

2a+a=tf, that is *=». And the Integral is *= 

* .. . 

nn * ** 

r 1 * and the Integral of this is a =~ 2 ~* ■ (For when 
T^ & 2.3 

IT HIT 

*=3, tf=nz2-.=:i). Again b=zb— b-\*a> orb = 

2.3 X —I —I ft 

» a* 

3* — £+*, whence J— 2 £+£=*, or £=tf=£=2zi_, 

n n nn n n n nn 

whence £=~ 3 ""*~ 1 , and b=z3=2=2zL~. In like 

2.3.4 2.3.4-5 

n n n n n nn 

manner r=£, and f= ;~ 6 ~"*-~*T 3 ~*''"' 1 , 6fc. asfem 

2.3.4.5. 6.7 

' 1.2.3 



*.» — i.» — 2.»<— 3.0 — 4 
1.2.3.4-5 



&~*fj fc?r. or putting r =3 



r*— 1 2 . 3** 4.5** 

_»— 5-*— 6 ^c, GV. where A, B, C, &c. are the 
6.yxx 

preceding Terms with their Signs. 

Cor. If you fuppofe r to be the Diameter, y the 
Cord of an Arch, x the Cord of the Supplement ; 
then the foregoing Series will be the Cord of the mul- 
tiple Arch. 

PROP. XXV, 

* 

Tfa Sine s of an Arch A, being given - 9 to find the Sine 
of n A, -n times that Arch. 

I*t *=S.» A, Then by Prop. XI« the Arch b? r 

longing 
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longing to the Sine x, is J+/-+ -liL+-iiL, #<:. F . IG# 
■ 6rr 4or 4 ii2r° 

and the Arch belonging to the Sine & is z-f^ — + 

6f*r 

-2^.-1 — - — M &c. and this is n times the former, 
4or* r ii2r° 

therefore ^+1-4^+^ &c. =»*+£+ 

4or* 112^ 

Nowfuppofe z=tfj+ £j*+ cs 5 + ds 7 &c.~) , 

then wiU *.= ff + A^+^ f76fr . 

orr orr 2rr zrr 

J2L= Jfl jS+ 2**,' &c. J— 

4or* 4QT* 8r* r — 

II2f* 1127* 

ir s+ JL jU- H£! + -i^-* J 7 , fcfc. then by equating 

6rr ■ 401* liar* . /no 

the homologous Powers of j, we have as—ns^ and 

*==». Alfo £+-£— =-£-* and thence fc= 7" = 
6rr 6rr 6rr 

»-'—* . Alfer+ff*4.J^=^whtt»«= 
2.3.rr 2rr 40^ 40^ 

9 »-.o#+^ i8s ,.,-^/9 -»« In j. ke manncr</= 

i2or* 2-3«4«5£^ _ 

225»— 259» ? +35» 5 — tP _ n.\—m g—nn.zs — nn ^ 
5040? 5 "~~ 2 *3.4 .5.6.7^ 

whence S.nA=H*- nM »-J ?j »«»-wf f- 
__ 2jjr* 2.3.4.5^ 

„ , nn ^ l . n »-f.n»-f J% g( . that b 
2.3.4.5.6.7^ 



J* * 
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*-2? 4-5** 6.7? 

-—2js*p % &c. whew A, B, C, ane the preceding 

Terms with their Sines. Therefore if n be an odd 
Number the Series will be finite. ' • : - 

Ccr.. *. Since theCofihe of A=Vr r—s j^r— <if-~* 

— — -7-7? &c therefore dividing tf*e Sfcries. above 
or* 1 or* 

by this Series, and then multiplying by Vrr — Jj,.a«l 
you will have 

S. A=»J-*=4 s* A-tt* > B-£=^C- 
r 2.3r* 4. 5 r* 6.7?* 

- — r J* D, fcfr. x</rrss. And therefore if n be 
8.9 r* 

an even Number the Series will be fini te. 

G?r. 2. If j be the Cord of an Arch*. # the Cord of 
the Supplement d= Diafneter, then 

tori of »A=w—2S=»«A— ^=|!^H~ 

2.2 aa 4»5*d % 

^ . , ' .«. 2 -3 d * ■ 4-5^* 

S C HO LIUM. 

If x the Sine of «n Arch was given,, and the Sine 
J, of the »*" Part of the Arch, was required $ you 
will have by Rcverfion of Series, 



n 2.3 r»«* 4-5r»w« T 6>«»* 



PROP. 
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PROP. XXVI. FIG# 

¥be Sine and Cofine of an Arch being given ; to find 
the Cofine of n times that Arch. 

Let A= Arch, j>= Sins, #= Cofine. Radius =1. 

Then by Cor. 7. Pr. HI. ixx Cof. »A= Cof. n^i. A 

+ Cof. fl-f 1. A, therefore fince * *-hy.y=:i, Cof. 

»+i.A=2#xCof. nA—xx-\-yyxC(){. n—i . A; 
Therefore if you multiply any Cofjne by 2 at, and 
From it fubtraft the foregoing one multiply'd into 
x #-f07> the remainder is the next fucceeding Cofine. 
Hence 

Cbf. oA=r 

Cof iA==# 

Cof. iAz=.xx—yy 

Cof. 3A=2*?— 3flfjy 

Cof. 4A=# 4 — 6**>*+j> 4 

Cof. 5A=# 5 — iox l y % +$ty* 

Cof. 6A»^— 1^^4- 1 5**y— y* 

Cof. jA^x 1 — 2i# 5 > a +35*!y 4 ^7*y 6 - 
£sfc therefore in general, let the 

Cof. n — i.A=^»— * — ax»— iy z +ix n —sy* — cx*~7y 6 tfa 
Cbf. »A =*" — *j^y4^* l, ~" 4 .y 4 — cx H - 6 y 6 yc/ 



Now if the latter be multiply M by 2X, and the 
former by xx+yy*, *nd this Product fubtrafted" from. 
the firft, you will have — 

2**+' 2***-^*+ 2fap-ly+-r<rZCX n --Sy 6 £s?f 



.6 



r= x^ 1 -*^w^ , ^+^x^3j^--^x w --5/ 6?<r. =s Cod '.' 

n+i. A. Then comparing the Coefficients we have 
azzzia—a+iy that is, by the Method of Increments 

*+2*+a=2*+20— ^ 0+i> or^=i=», therefore *:= 

a, the 
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FIG. »» 

0, the Integral, and *=—L-, for *hen 0=2, or 

00 » n 

:zl_ =i. Dkewife£=2& — £+*> and ^=a=riliil, 

2 x i 2 

n n n n n n n 

and *=nz2Lzi, and ^=r±z^=iz2, (for when 0=5, 
2.3 2. 3.4 

Tin • . 

*=i.) and ^ - 3 ^"" 1 . Again *=*==t_=i, ,= 

x 2.3.4 " 2 -3-4 • 

ft , , tt ti . • tty • . . # 

"*? J ~ 1 and cz=T* "' and therefore r==5 _. 

2.3.4.5 2. ...6 1 2....© 

. . . 

Likewife ^=^2 , fcfr. then Gnce 0=1, therefore 

x 2 ... 7 

0, 0, 0, &V. are equal to 0, 0—1, — '2, ©V. whence 

—1 — * 
putting r for Radius, 



».»— .!.»— 2.»-^3 Jf »^^ t 4_ g*g— 1 >g— 2."— 3»"— 4-*— 5 ^-6^6 
2.3.4 *• 3-4>5- 6 

GV. or ^ __^ 

Of. nh=l^- n jEEi Ail -*-*•*-? B^Z- 
r"— * 1 .2 ## 3.4 *# 

5.6 ## 7*8 ## 

B, C, CsfV. are the foregoing Terms with their Signs. 

Cor. If you fuppofe r the Diameter, y the Cord of 
an Arch, x the Cord of the Supplement, then the 
foregoing Series will be the Cord of the Supplement 
of the multiple Arch. 



PROP. 
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prop. xxvn. 

fbe Sine s of an Jrch a being given ; 1 6 find the Cq+ 
Jine of na> or n times that Arch. 

Let z— Cbf. na^ Rad. =1, then by Cor. 1. Pr. 12." 

2=1 — h -+* efc. but by 

2 24 720 40320 '• 

Prop. 11. <** =j+<-+^ — |- -2_ £>v. 

r 6 40 112 

whence aa=ssA — | \- ^- 6k. 

3 45 35 

and a*= ^+7/+ -fr? &c, 

<?= s 6 + / 

^= /• 

then all thefe Values of the Powers of a being fubfti- 
tuted in the Value of 2, gives 

2 45 35 

24 36 ' 360 ' 

_»V __££ 
720 720 

40320 

whence . , 

2 2.3.4 2-3-4-5- 6 

that is if r= Radius. 



Cof. »*=r— ^ A— £=1%jB^£=£jjC- 



i.2r* 3-4^* 5-6r* 

- — —jjD £stV. where A, B, C, &c. are the forego- 
y • Sr 

ing Terms with their Signs. Therefore if n be an even 
Number, the Series will be finite. 

E Cor. 
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FI G ' Cor. Since J^Z^r-'l-J^-Z £_&?,. 

ir 8r* i6r 5 i28r 7 

= CoF. A. therefore dividing t he foreg oing Series, by 
this ; and then multiply by Vrr—ss, and you will 

have Cof na=Vrr— ssx : i— !L_lLjA— III^jjB 

■ rn JjC _ri"D fcfr. and therefore if * be 

5. or* y.8r z 

an odd Number the Series will be finite. 

PRO P. XXVIII. 

The Cord of an Arch^ and the Cord of its Supplement 
teing given ; to find the Cord of n times that Arch. 

Let A be the Arch, y the Cord, x the Cord of the 
Supplement, Radius =1, t hen by Co r. Pr. XXIII. 
#X Co rd . « A= Cord . n — 1 . A-f Co rd . »+ 1 . A, and 
Cord . n+ 1 . A=#XCord. »A — Cord, n — 1 . A. that is, 
if any Cord be muhaply'd by x, and the foregoing 
one fubtra&ed, will give the next following Cord, 
whence 

Cord. A*=y 
Cord. 2A=#y 
Cord . 3 A=-#>- -y 
Cord . 4A=Af 3 j — ixy 

Cord . 5 A=x 4 ^ — 3*fy+y> &c. 

And in general let the Cord of, »A be ==y*»-»— * 
c *»-iy+l x*-$y—c x»~7y & c . then will 

yx n —ayx*~*+byx»-+—cyx—* fcfr.7 

— y X*-*+ay x*-* — bytf~* &c. r = ' ' 




—1 



ytf—ayxt-t+byx^t—cyx^-* fcf*. =Cord.»+i . A. 

then equating the Coefficients *=*-{- 1, and a— a or 

1 1 

4=iss», and the Integral is a=n (for when 0=3, a 



—a 

or 
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or »=i). Again, b or b+bxzb+a t or £=*=», and F I G. 

n n n n 

* =~*r* > a,fo c=c +*> or '=£=^^5, and c=s 

2 i —i • — i 2 

• * » # n n n n 

~~*~*r*- In Iike manner d=±=L=±-z^* t & Cm whence 

the Card .n Azgrc*-* — l!Lllv*»-^ »— 3-»~ 4 r ^.. , 

V^^MBM •^••■■^ **MMi^ ^*»»^^ __-^_^_ - * ** 

a— 4 .»— 5 .»— 6 n—$.$t^-b, n- e)i £Z% 

___ _ y *— 7-f— — — t _j_^ y ^-9 

1 • z • 3 1.2.3.4 ' 

fcfr. that is putting Radius =r, then 

G»ri . n jtrcb =-£C!_£ri A g- FF?JEf7 fi *r«* 

. -. , f " y ' - ** 2.8—2 ** 

^g-~5.i— -tf ^yr^ *^££l2 t\ *f _ n — 9/ n — iG P r»* 

O. If r=a Radius, y=. Sine, *= Cdfi neofa n Arch/ 

a .'ill' *#»^*««i 

then the Site of the af* Arch = 2 - .— *-*** & - 

3-8— 4.ry R jt—^.H—6.rr r n—j.jt—^.rr-^ 

4.2.8—2.** 4.3.S—3.**. 4.4.S— 4.** 

fcrV. this is plain by putting i r for r in the forego- 
ing Series. • 

PROP. xxtx. 

S*( tya^, «,/ th e Cord of. an Arch befog given ; to 
find the Square of the Cord dfn times the Arcb. 

IaX. a,b,ebe the Cords of three Arches in arith- 
metic Progrcffion, JUd . =i, *» Cord of the com- 
mon • Difference; and V4-— **s= Cord of the Sup. 
common Difference. . Then by Prop. XXIII. Rad. 
XSum of the Cords of the exrcfeam Arches =s Cord . 
me an X Cord Sup. common Difference, that h' t 
V 4 — Kx=a+c. And by Cor. 4. Pr. XXJI. ac=bb 

E 2 — a* 
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FIG. — xx. Whence 4b b — bbx x= a a+c c +ia c—a a+ 

ec+zbb — 2 xx, therefore bb+2 — xx+ixx—aa= 
c c y that is, in any Series of the Squares of Cords, if 
the Square of any Cord be multiply'd by — x *-{- 2, 
and the preceding one fubtrafted, and 2 x x added, 
you will have the Square of the next following Cord. 
Thus, Square of the Cord 

of A= xx 
aA=— ^4.4^ 
3A= * 6 — 6x*+gx> 
4A=— "/+ 8a? 6 — 20**+i 6*> 
5A= * xo — iox 8 +3 5 x 6 — 50^+25^ , 

therefore let any one in general be exprefs'd thus, 
# — a#— *^-3^-4— cx 1 ^- 6 65V. 

then the next fucceeding one, (changing the Signs), 
will be— x« +«*' — bx l +f«* fcfe. =(by 

Z I 

Conftruftion to) 

—I J 

then comparing the homologous Terms we have, 
»=»+2, or» — » that is v=2=2», and »=2». Again, 
x 1 • 

= iJ_2, or 4 — a or #=2=v, whence ^=j/=2», 

j . 1 

Alfo £=£+2* — 1, or i=2tf— 1=2 »— i»=fiM- tir, 

1 • • ■ • 

therefore fc=— — -• 

22 

Again, r=rf-|-2 £-~*, orc=v*— u— ■ »=^»— 2*+2 = 
1 —1 • — 1 —1 —1 

v vv vv 

w — 2v+v, and r= '" a "" T ■— Hi—fry. 

In 
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In like manner d—2c— b=^L=l~— ^L-+9l-^ 

—1 32 2 it 

and J=z±^=I — z±zL+^=I §Z. 

2.3.4. 2.2 2.2.2 2 

But fince »=2 . »=i> — 2 . »=* — 4 fcfa we (hall find 



■1 —a 



2 23 2.3.4 
fcf r. therefore if x is the Cord of an Arch* and b the Cord 
if n times the Arch* then wiU 

x"*2nx*^+2nx£!^x*»-*— 2nx 2n ~*' 2n ~ 5 tt—* 

2 2/2 

— — ~ « ■ ° 

+2nX 2 "~$' 2n 0m2n ~3#*-* &c. -+bb, accord- 

^•3-4 — 

ing as n is odd or even \ and tbs Series continued to n 

Terms. 

3.20 — 3.** 



r**~ l xx 2xx 



2"-6.2»-7 rr jj 2n-S.2n- 9 _ rF 
4. 2 w — 4..XX 5, 2» — 5.x* 



6.20 — '6.** 

Otberwife. 

Since the Law of the Continuation of the Series of 
the Squares of the Cords is this, that any Cord mul- 
tiply'd by 2-*-xx y and the foregoing one fubtrafted, 
and 2xx added, gives the next. Therefore 

D 1 Cord = xx 

2.= 4#* — #♦ 
3 # x= 9#*— 6**+ * d 
4.=i6/— 20^+ 8* 6 — x f 
5.=25^— 50^+35^— io^+*** 

E 3 and 
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F 

F|G. X and in general ax 1 — J* 4 -)-** 6 — dx* &c. = Square of 
the Cord of the n ih Arch. Whence by the Conftruc- 
tion, 

lax 11 — 2bx*-\-2 ex 6 — 2 dx* -s 
x i i i A 

-{-2 — a -Jf-b — c ^'= 

iii 
*— a -\-b — c -\-d 

ax*—bx*+cx 6 —d>?&c.' 

2 % % % 

Here then 4=2a — <a+5t, that is by the Method of 
Increments a-* r 2a-\-az=L2a-l r 2a — *+ 2 » that is *=2= 



1 



2 nn 
in, and *=2»4-A, and a-j=jzl — \-An % and when 

2 

»=r f A=u, therefore a= nn+n. 
Again, k=2b+a-r-b, and their Increments b+ib-{* 

*ti 

J==2 J-f 2b+a-\-a-^b, and &=<?+*> likewife c=b+&, 
•• * • » «. * «» • 

^=H-' and fo on-, that is, b=a, c=b 9 d=c £s?c. 

•• • •• I •• J •* X * 

#/*# nn 

therefore b=nn+n, and £=— — 1-\ — L, and £ = 
-xi • 3 2 

» »»» nnn nnnn nnn 

r— 1 ' +m-^. Again, c=~ T ' S 4-IA and c=; 
3-4 2.3 .. 3.4 2.3 

n nnnn nnnn n...n n..n 

=2L=!_Li+=!-J-^ and <:=r2 1+-* *. In like 

3.4.5 2.3.4 3--- 6 2 "5 

n...n n..n n.*n n..n 

manner i==4 1+— — 2, antf ^^l--l+ii— U 

3 ... 8 2.-7 3.-*° 2 •• 9 

3nd fo on. Then fijoce ».= 1. and n. n, 0, 0, 6fc h±* 

*, »— 1, 0+1, 0—2, 0+2 6?r. refpe&ively. There* 

fore by Reduftion will be found a=nn t £= ****"" ' , 

• ' 2.2.3 
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nn.m*— i.tm — 4 A _ nn.nn — i.tm — ^'.nri—g Fe9 FIG* 

""~ 3. 1. 2. 3. 4,5 "~ 4.1 .... 7 

whence the Square of the Car d of the n th Arch =nnx t — 

nn.nn — 1 ^ , nn.nn — 1 .nn—- 4 * 

2 .1.2.3 3- 1 • 2 -3* 4-5 

**. — x_ — £#* tffr. or putting r= Radi- 

4,1 .2.3.4-5* 6 -7 _ 

us, D Cord» th Arch=^*-22Zl£. A— l5E±iB 
2.1.2.3** 3.4.5.rr 



A^g^C^^T*^ D-5 *»-5»" E #,, 
4.6.7^ 5.8.97-* 6.10. 11. r 2 

Cor. 1. If x be the Cord of an Arch, Radius =r, ' 



and c the Cord of n times the Arch ; then — 
r*~3 ?**~ s ' 2.3^—7 



?-»-6»-? x _ 8 _^ »-^»-7 »~8 »~Q r -- 

2.3-4r»-9 2.3.4 -"st"- 11 

fcfa =+*, according as Si! is odd or even, the Se- 

2 

ries continued to 2ii Terms: that is, +r when odd, 

2 

and — c when even. 

Or /iw; VV r^y : x into ?i!Zl— *~ 2 * **~ 3 4. 

1 .2 r"— 5 1 . 2 . 3 r*-7 

n — 5.n—6 . »— 7 . n — 8 ^^ - • . ,. 
? 1<2>3>4rw , 9 *-*- »* = ± ft according 

as in is odd or even, and the Scries continu'd to ? 

2 

. Terms. 

For the former Series is the Root of # a *— 2»#"-» 

+ 2 »X 2.***-4 €sfr. the Square of the Cord, found 

E 4 above 
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F 1 f above by the firft Method. And the latter Series is 
found by dividing the Series x* n — 2#* ,2ff — 2 fcfr. by— 
xx+4. (or rather by xx— ^\ and extra&ing the Root 
of the Quotient. 

Cor. 2. If u be the verfed Sine of ah Arch, V the 

verfed fine of n times the Arch, then will 5JL-* 
___^ 2.r" 

%* r ^ in — 3-r g in — 4.20— 5. r ^, 

2»-6,»»- y .r p ^-8.2^- 9 -r F ^ ^ 

4-2» — 4-2u 5- 2 » — 5-2s» 

according as /? is odd or even, the Series continued to 
n Terms. 



Or V=8»„-*'— l ' 2v a— 2-" 1 — 2*.2u 



2 .2 <3r 



3-4-5>" 



B 



4 . 6. yr 5 •$ -gr £ 

pears by fubflituting zrv for ##, and 2rV for ££, to 
Which they are equal, by Cor. 8. Prop. J. 

PROP. XXX. . 

#be Cord of the Supplement of an Arch being given ; 
to find the Cord of the Supplement of# times the Arch* 

Let Radius =r=i. #rs Cord of the Supplement, 
A=Arch •, then by Cor . Pro p. XXIII. i : x ; : Cord. 
Sup. n A : : Cord , Sup, n— i.A+ Cord .Sup.»+i.A. 
whence Co rd , S up. n-±i. A=#X Cord . Sup. »A— 
Cord . Sup. *—i. A ? that is, if the Cord of the Sup. 
of any Arch, in a Series thereof, be multiply^ by x, 
and the preceding Cord of the Sup. fubtradted, you 
Will have the next fucceeding one. Hence 



Cord 
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Cord Siip. o A= z FIG, 

iA=# 
pA=x* — 2 
jAs* 3 — 3* 
4A=# + --4#*-f2 
5A=a? 5 — sx'+5x 
6A=x 5 — Sa^+ox*- «-2 

and in general n A=#" — tf^-*+^x*-4 — *#»-* fefa 

then *+i.Ar=*"+ f — tf**- 1 ^-^**- 3 — r#*-5 &fc. 

1 1 1 

C X-+ 1 — 4 tf^t+btf— 3— rf*»-5 7 6?r. by 

1 — i^- I +ax*-3- ? -3^ , -s 5 Con- 

—1 «— 1 

ftru&ion. Hence a=a-\~i 7 anda=i=n 9 whence a=», 

n n t 

Alfo fczb+a> and £=<?=», whence ^T a ""^ — iy 
1 —1 • — i — -i' 2 

n 

for when 0=4, £=2. therefore ^— nz2+ /*-^-i=3 

n n nn 

2 « 3 2 

. n n 
Again, c=c-\- b> and ;=£:=-"■* ~~~;+ n, and *=? 

1 —1 •— 1 2' —4 

n n n n n n n n 



-r-3 



-5 JLZ±-S— JZl~5 



2.3 2 12 j 

n n n n n n n n n 

Again, d=c, =-*' 5 ~ 6 -!■=£=«, and fc= -« -«-«-? 
1-! ^.3 ' 2 2.3.4 

n n n n n n n 

4, -?— 6 -7 — . — ^ , "" y . In like manner * = 
2.3 1.2.3.4 

n n n n n 

— 6 — 7— »-9 £? r# whence 
3-3 -4-5 ♦ 



1 
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,J*1G. fbe Cord of the Supplement cf the »* /frfA is — #■ 

_fl*»-*+ £x*-4 , 7 -X B - 6 +GV. = — — 

T i • 2 i . 2 .3 -r^* — ^^ 



*mm^^ 



— —A—- P- ^ H I , | „ D C 

** 2 *# 3«»— 3.XX 

* = S* = 2£r D .« = ^±rrE -efft continucd 

4.0-— 4, xx 5.0 — 5. xx 

to~£- terms when is odd, or to ~t£. terms when 
2 z 

even. 

dr. Hence if Radius =r. xr= Cofine of an Arch, 

then the Cofine of the th Arch = -!£- — i^ A— 

2r «— 1 ^ ,xx 



>*P" — ■•^r*^ i n- 3 



4.2XX 4.3.0 — 3. xx 4.4.0— 4. xx 

continued to ?J— terms when is odd, or to in+i 

2 

terms when even. 

This follows from the foregoing Scries putting £ r 
forr. 

PROP. XXXI. 

Given the Cord of an Arch, and the Cord of the Sup- 
plement of twice the Aid » to- find the Cord of 2m+ x 
times the Arch. 

Let Radius =r=i. Arch =A-, Cord of A==y, Cord 
Sup. of 2 A-z. Then by Co r. Pr. X XIII. 1 : % : : 

Cord oP 2^+j. A : Gord of 2m— i.A+ Cord of 
•25+?; A, therefore Cord of'2*»r|-3.A=:2;X Cord of 
20*4-1. A— Cord of 2m — i.A* tfcat U in a Series of 
thefe Cords, if any ope be mukrglyM hy 2, and the 
foregoing one fubtra&ed, yoi^wijlhayc the next fol- 
lowing one. Whence 



Cord 
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Cord A=y 

7A=z J +2* — 22— iXjf 
qA=z*+z* — 33* — 22+iXy 
1 1 A=2 5 +z + — 4** — 32*4.32+ 1 xy 

1 3 Az=2^+2 5 — 52^-— 4Z 3 +6z*+32— 1 X.y 

— — — — • 

and in general Cord 2»4•I.A=z" , 4-**"' , — ***~*-— 
fc»-3+f2-»-4+i^»--.s— . &*-*— fig*~i &V. then'fcy 
Conftru&ion, 



i 



i-»x —1 —1 

sstf** 1 -^*— da^^fe"-*-!- c* B -s+ Jar-*— *3*-<s 

1 1 411 

6ftv = Cord of 2*0-{-3.A. whence «=«+ I > an ^ 

I X 

o-*-a or *=i =», whence a=m 9 for when 10=2, aszu 
Again, £— £ or J=i=iw, and £=m, for when »=?. 

3» * =I - 



Alfo *=*+*, and r~f or r=*», whence *=£1 



I —x x • — % 2 

i» m 

Likcwife d—d or d=ir=zm % and fc^ 4 ""?, 

I •-! -3 2 

Alfo ^sf^" 1 , and e=T s Tt -% likewife/=rf, 
• —1 2 2 . 3 • —1 

iwfftifp ffi tn w w fn m ti$ tn 

2.3 2T3T4 a- 3-4 

W •••01 I9« • •JK? . 

~> ~Jf, *— *~*° ""* &fr. whence the 
2.3.4.5 2. 3-4-5 

fori 0/ fife %m\-i.Mb =:;> X into *•+» 
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FIG. »-i ,_ m-% ^ . _ £=!, ^=3 ^ . 

I I 2 ' 

w — 3 . m — 4 <g „_ < »— 3 • » — 4 . » — 5 ^s. __ 

2 2 • 3 

«* — 4 « » — 5 • «» — 6 ;g «w, i » — 4 • • • • » — 7 £«»— s _w 



2 - 3; 4 



2.3.4- 2.3.4.5 



»■ I 



^^--^Vn #v. continued to »4.i 
2.3.4.5 ^ 

Terms. 

PROP. XXXII. 

G&0* the Cord of the Supplement of an Arch* and the 
Cord of the Supplement of twice the Arch \ to find the 

Cord of the Supplement of % m<\- 1 times the Arch. 

\jz\ Radius si, Arch =A, Cord Sup. A=*, Cord 
Sup. 2 A=z, then as in the laft P rop. Cord. Sup, 
2 0*4-3- A = z X Cord . Sup. 2 w-f 1 .A— Cord . Sup* 
210 — 1 .A. that is, if, in a Series, any one be multi- 
ply'd by z, and the foregoing fubtrafted, you wiH 
ljavc the next following one. Hence Cord . Sup. 

of A=s# 

of 3A=z — 1 : Xx 

of 5 A=z* — z — 1 Xx 

7 A=2 5 — Z % — 2Z+ 1 Xx 

9 A^S 4 — 2*— ?2 a -j-2Z+ 1 Xx 

1 1 As* 5 — z 4 — 42 5 4-3»*+3Z— iXx 

&c. ' 

Apd in general, Cord. Sup. 2m+i.A=a/"- 



*z m -*-{-lz m -'Z-\-cz m -* — dz"—*^*?*— 6 &c. there^ 
fore by Conftruftion 

#»+i-- -z m —a 2?^ t J t b2?*- 7 '+c2?*--i 1 

2*+i — #» — a 2 w-» 4. ^2«-» -j-'*""'"* = Cord . Sup, 
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2m+3*A. hence a=a -fi, £=£+i, c=c+a 9 d=d+b FIG* 



I —I I — X 



Csfc. all as in the laft Prop, and therefore the Coeffici- 
ents *, *, c 9 &c will be the very fame, whence the 



m — i 



Cord . Sup. 2tn+ 1 . A=xX into 7F— z*- 1 2*-* 



gZg ^ ) *»~ 2 • ^~3 o^- *»-3 ' ffl -4 r ^„ g 



2T3 2-3 



2.3.4 



Cm If Rad =r, 2= Cord. Sup. of— V- Part of 
the Circumference, then 0=2* — 2*— *— — — < #"-*+ 



2=2 g ^ 3+ ^-^i»- 3 2e _ 4 ^ r# 

1 2 

For if 2J»+iXA= Semi-circumference, then the 
Cord of the Sup. and the general Series is =0, and 
may be divided by x. And in that Series 2= Cord. 
Sup. 2 A, or of the 2m+ I th Part of the Circumference. 

PROP. XXXIII. 

The Tangent of an Arch A being given) to find the 
Sine andCqfine of n times the Arcb. 



XXIV. 



rr 

-9 



t—r* 2.3.x* x r Vrr+tt 

therefore 2£2 or ^=^= J^ when* 

>« 2 . 3 rr 

' Like- 
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FIG * Likewifc by Prop. XXVI. Cof. *A=-2L — 
i~-» 

*»-'** A Gfr. that is =-^± n.n~-i.tt A „ 

whence ,. 

6. 7 rr C 8T77T^ D ~" ^ and 






C»r. i. Hence fmce /=2^ therefore Tom »Ass 



rn ' ™*~*-*--' 2 i:+ r.? 1 - ■ 

C«\ 2. If/= Secant of A, and /= Tan. A, then 

for ^^+77=/; ^nd Ml= Secant. 

Tho the principal Ufe of the foregoing Propofiti- 
f. B w ?, en * « a " integer Number, in which Cafe thri 
Series will always terminate. Yet thefe Series will be 
equally true when n is any fractional Number, if they 
do but converge. For the Inveftigation of any of thefe 
PtopoGtjons does not fuppofe that n is always an Inte- 
ger* it only fuppofes that n is 1 . SECT. 
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FIG, 

SECT. V. 

Angular SeStions, the Infcription of Poiligoas t the 
Properties of the Cordt or Subtenfet of Arches. 



i 

| 
I 



I li ii 



PROR XXXIV. 
If any Arch of aGrtle as AR begiven* and there be 

taken the Arch A D=i the Arch A R ; n being any m- 

n 

teger Number ; and if the whole Grcutnference of the 

Grcle be divided into n equal Parts at the Points D, E, 

F, G» H, fcfo beginning atD: Then 1 fay any of the 

Arches AA AE> ADF, AEG, AEH,fcfr. repeat^ 

id n times y from A, will ahuar^ end at R. 

Call the whole Circumference C, then by Con* 

ftru&ion, »xAD=AR, alfo »xDE=C, and «C 

DEF=2C, and *xDEGs 3 C, »xDFH=;4C, 

iSc. therefore 

»XAE or*xAD4»*5<DE =AR+ C 
and uxAF or«xAD+»xDF =AR+2C 
and *xAEGor»xAD+»xDEG=AR+3C 

»xAFH©D»xAD+«xEFH=AR+4C, &c. 

Therefore *x A E, *xAF, »xAEG, &c. =1,2, 3, 
&c . entire Circumferences + the Arch A R. And 
fince any Number of Circumferences will end at the 
Point A where they began •, confequently by the Ad- 
dition of the Arch AR, they will neceffariljt all end 
at R. 

Cor. If the Cords AR, BR, AD, AE, AF, fcfc. 
are drawn ; then the Cord A R= Cord of n timet 
A D, or of n times AE, or of n times AEF, or of 
n times A E G, &? c. and B R is the Cord of the Sup- 
plement of each of thefe* 

PROP. 
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' PROP. XXXV. 

*; To divide an Jrch A R into any Number of equal 

Parts as n. 

Let the Radius =2. 1 , b= Cord of the Sup. of A R, 
or the Cord of B R, #=B D the Cord Sup. firft P art 

AD. ThenbyProp-XXX.*-— »x- 4 +2£=3x— 4 

13 c. = Hh b, according as the Arch A R is lefler or 
greater than a Semi-circle. Therefore x the greateft 
Root of this Equation, being extracted, will give BD 
the Cord of the Supplement of the Arch required. 

EXAMPLE* 

If the Arch A R be lefs than a Semi-circle* and is 
to be divided into 7 equal Parts ; then »=7, and 
you will have x 7 — 7x 5 +i4^ J ^— 7*=*^ whofe greateft 
Root x is B D, the Cord of the Supplement of A D 
required. 

Othermfe. 

LetRad. =1, Cord AR=J, Cord AD=#, then 
by Prop. XXIX. you will have #*■— inx**-*+2. n X 

y $ ***-*, &c to n terms zz+bb 9 according as H 

is odd or even. Then extra& the leaft Root xx of 
this Equation, and then its Square Root x will be =s 
A D, the Cord o f the fir ft of the equal Parts, O r thus, 

j>utnnxx- nnnn - l x*+ nnnn - l - n "~+x< tic. 

2.1.2.3 3.i.2-3.4 ; 5 

EXAMPLE. 

If A R was to be divided into 5 equal Parts, then 
»=5, and x l ° — 10^+35^ — 50x*+2$x Xi =zbb 9 whofe 
leaft Root xx is the Square of A D, and *ss A D, the 

Cord of I Part of the Arch A R. 
n 

Cor. 
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Cor. If you continue toextraft all the Roots x> you FIG* 
will get the Values of all the Cords BE, B F, B G, 7. 
G?r. by the former Method ; or of the Cords A E, 
A F, AG, fcfr. by the latter Method 5 as appears by 
Cor. Prop. XXXII. 

SCHOLIUM, 

If n is not a prime Number, but compounded of 
two or more Primes ; it will be eafier to divide the 
Arch into a Number of Parts denoted by one of thefe 
compounding Numbers, and then the firft of tHefe 
Parts into as many Parts as is denoted by another of 
them, and fo on to the laft. 

PROP, XXXVL 

1 

To infcribe any regular Poligon in a Circle, 

Let the Number of its Sides be 2=2*0+1, an odd o 
Number. Radius =r 1 , 2= the unknown Cord B D, 
or the Cord of the Supplement of one Part AD, 

Then by Con Pr. XXXII- z»— x*-*~— Lz— *+ 
.% w — 3, fgc. =:o, therefore the greateft Root z 



will give B D, and V4— zz= Side of the Poligon 
AD, required. 

EXAMPLE. 

In a Heptagon, 201+ 1=7, orjwsrj, then by the 
former Equation z* — z % — 22+ 1=0, an d the g reateft 

Root z gives the Value of B E, and V4 — zs=A E 
the Side of the Heptagon. 

Otberwife. 

Let »= Number of Sides, Rad. =t. #= Cord of 
the Sup. of the » th Part of the Circle, Then fince 
the Cord fubtending the whole Circle is o, therefore 

F by 



IO. 



1 

! 
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FIG - by Prop. XXVIII. yx"-*~ f !ZZlyx»~*&c.=Q 9 there- 
Fore dividing by y, you will have *?— '-»■ ■ ■ jf^3+ 

^'^V 5, &V. =0, extraa the greateft Root 

1.2 

x of this Equation, then v 4 — x x=Side of the Po- 
ligon. 

EXAMPLE. 
In a Pentagon n=$i then x 4 — yc % -\*i— o, and x* 

5= the greateft Root, and V4— **= Side of the 
Pentagon. 

SCHOLIUM. 

When the Number of Sides is. not prime; it wilJ 
be eafier to divide the Circumference into a Number 
of Parts denoted by one of the Primes that compofe 
it ; and then one oi thefe Parts into as many Parts 
as is denoted by another of. the compounding prime 
Numbers, and fo on till all the Primes which com- 
pofe tha given Number be exhaufted. 

PROP. XXXVII. 

If the Arch D A F of a Grcle, whofe Diameter is 
A E, be divided into an even Number of equal Parts at 
C, B, A, H, G, &V. and there be drawn the lines B H, 
C G, D F, &c. perpendicular to the Diameter A E ; and 
likewife the Cords A B, B E. Ifqy> the Sum of the 
Lines, BH, CG, Gfc. + half the laft, that is B H-f 

CG4>DO= AOx p EB . 

AB 

For draw the Lines C H, D G, fcrV . then all the 
Triangles BAK, KHL, LCM, MGN, NDO, 
&c. are fimilar. Therefore BK:KA::HK:KL 
:: CM : ML : : GM : MN :: D O : ON, &c. 
therefore B K : A K : : B K+K H+C M+G M+DO 
: A K+K L+L M+M N+N O : : B H+C G+D O 

:A0. 
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iOA. But EB : AB :: B K : AK : : BH+ CG+ PIG, 

D O : A O, therefore A BxB ti+C G+D 0= A O iO. 
xEB. 

Car. i. If the Circle A D G be divided into an even 
Number of equal Parts at A, B, Q D, E> F, &c. and 
all the Lines fiH, CG, DF, &c. be drawn, and 
alfo A B, B E. Then the Sum of all the Lines B H 

+C G+D F, &c. = A E £q B - 

For here the bafe of the Segment is o, and thc^ 
Points D, O, F* E coincide. 

Cor. 2. If a Semicircle ABE be divided iftto any 
Number of equal Parts as n 9 at the Points B, C, D, 
££e. and the Sines B K, CM^DO, ©V. be drawn ; 
then I fay, the Sum of all the Sines, B K+C M+ 

* 2BK 

?or by fimilar TrianglesH=±i|$ i and taking 

Aid d K 
lka*f of the Quantities in Gor. u B K+C M+DOse 
A ExE B_A ExE K „ 

2AB 2BK 

Cor. 3 . Let Radius =^r, H2= A, » being any In- 

ft 

teger. s-=z S. A. *= Gof. A. then the Sum of all tKe 
Sines of A, 2 A, 3A, 4A* &fr . irl the Semicircle"* is =5 

I±fr. 

Car. 4. Herice the Area of the Curtfe, made by 
erefting all the Sines perpendicular to a Line equal to 
the Semi-circumference, or as it is commonly called, 
the Area of the Figure of Sines* is =2 r r. 

For if ti be infinite and A be =i=i, then *=?, 
and the Sum of all the Sines or Are* of the CurVe = 
2rr 



t=2rr. 



Fi PROP. 
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FIG. 
,o. PROP. XXXVIII. 

If the Circumference of the Circle A D G be divided 
into an even Number of equal Parts, at the Points A, 
B, C, D, fcfr. and the parallel Chords A B, C H, D G, 
tsic. be drawn ; I fay, the Sum of all the Cords A B-f 

C H+D G+E F, &c . a-^F. 

For by fimilar Triangles AE.AB::AB:AK 
::HL:KL::CL:ML::GN:MN:: DN : 
N O : : F E : EO, and by CompoGtion AE : A B :: 
AB-fC H+DG+FE : AE. 

Cor. i. If a Circle is divided into an even Number 
of equal Parts, and A be one of the Parts. Then 
the Sum of all the Cords of 2 A, 4A, 6A, 8A, &c 
is to the Sum of all the Cords of A, 3 A* 5A, 7 A, 
fc?r. ::asEB: toEA. 

For BH, CG, DF, 6ft. are the Cords of 
2A, 4A, 6A. And BA, CH, DG, fcfc. are 
the Cords of 1 A, 3 A, 5 A, fc>V . And the firft 

Sum, is to the laft as A Ex p E B to 4? '<» ** E B 

; to A E. 

G?r. 2. If a Semicircle is divided into any even Num- 
ber of equal Parts, as n \ and if A be one of thefe Parts, 
and j=S.A, Radius —r ; then the Sum of the Sines 

of A, 3A, 5A, 7A, &C.ZZ-. 

This follows from this Prop, taking half the Cord 
for the Sine of half the Arch. 

Cor. 3. If a Semicircle is divided into an even 
Number of equal Parts, and A be one of thefe Parts, 
andRad.==r, S.A=j, Cof. A=*, then the Sum of 
all the even Sines in the Semicircle, that is the Sum 



cr 



of the Sines of 2 A, 4A, 6A, 8 A, £s?r, = — 

s 



For 
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*& S52'£y5l A > ^ »*■ 4A «t -Efcr » «• 

And 
Sum 



ZJLtSS}*- A5a*.='j: 



There Sum 2 A 4A, 6 A &c = 



•^ 



PROP. XXXIX. 

// /£* Circumference of a Circle, wbofe Diameter is 
A B and Center C, be divided into any odd Number of 
equal Parts, as n % at the Points D, E, F, G, H, I, K ; 
and if y from any Point A, there be drawn the Cords 
AD, AE, AF, AG, AH, &c. and if there be taken 
the Arch AR = »X Arch AD, and the Cord AR 
drawn : I fey the Product of all the Cords A Dx A E 
XAFXAGXAHXAIXAK=ARXCB»-'. x 

1. Let the line QA P be fuppofed to revolve a- 
bout the Point A, the common Origin of all the 
Arches ; then will the Part A P pafs thro' the Cir- 
cumference of the Circle A E B H A. And if the 
Line ftill continues to revolve about A, and the other 
End A Q^will alfo pafs thro* all the Points of the 
Circumference A E B H A. And if the Line ftill re- 
volves forward, then the Part A P pafles again thro* 
the Circle AEBHA, &c. and fo on alternately. 
Now if from A' to any Point of Interferon as R, the 
Cord A R be drawn, this Cord, A R will be affirma- 
tive in going the firft time about the Circle ; but 
negative, the fecond time about j becaufe then A R 
will lie from A towards Qj in the Revolving line, 
which is the contrary way to what it laid before ; 
like wife in going the third time about, A R will be 
affirmative, and the fourth time negative, and fo on 
alternately. Therefore in general, let C= Circum- 
ference, A= any Arch lefs than C ; then the Cords 
of A, 2C+A, 4C+A, fcfc. or pf any even Number 
Qf C's + A, will be affirmative. And the Cords of 

F3 C+A, 
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FIG. C+A, 3C+A, 5C+A, &V. or of any odd Number 
of Cs 4-A, will be negative. 
». 2. Let A R^f, *= Cord of the fingle Arch. Now 

fince n times the Arch AD, AE, AF fc? c . all end 
at R (by Prop. XXXIV.) and therefore have the 
fame Cord A R, confequently by Cor. 1. Pr. XXTX r 
we (hall have 

Cafe 1. *" — »#■--* GV. =+r, the Cords of A, 2C 

+A ? 4C+A 6?r. 

or the Cords of »xA D, »xAF, »xAH £jfr. 
Gz/£ 2. ** — nx"— z £s?r. = — <:, the Cords of Cj~ A, 

3Cf A, 5C4- A Gf c. 

or the Cords of »xAE, »xAG, »x AEH &5V. 

And in Cafe i ft the Root A D, being affirmative, 
the others AF, AH &c. are affirmative for the lame 
Reafon. 

And in Cafe 2 d the Root AE is affirmative, and 
Jikewife the Roots AG, AI. But it is fhewn in 
Algebra, that if the Signs of all the even Powers in 
an Equation be changed, the affirmative Roots are 
changed into negatives, and the contrary. And in 
C^fe 2 d all the even Powers of x are wanting> except 
£y> therefore in Cafe 2 d changing — c into \c x we have 
x" — »x*—* &c. =>+c 9 in which Equation, AE,AG, 
Al&c are negative Roots. But this Equation is 
now the fame as Cafe 1 . therefore in general, in the 
Equation x n —7tx n —* &V. =*, the affirmative Roots are 
AD, AF, AH &V. and the negative ones AE, 
AG, Alfcf*:.. 

3. It is fhewn in Algebra that in any Equation, as 
** — nti*-* &c.z=zc } or rather x*—nr z x*- 2 (&\=<r ,,p -*, 
the abfolute Number 19 equal to the ProdqdJ: of ail the 
jjioots ; therefore A Dx A Ex A FX A G &c. ^fr*- 1 . 

Cor. 1. The Sum of all the odd Cords is equal to 
the Sum of all the even ones, AD+AF+AH+ 
AK=AE+AG+AL 

For it is fhewn in Algebra* that the Coefficient of 
the fecond Term is = Sum of ail the Roots ; and here 

the 
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the fecond Term is wanting, and therefore AD— FIG. 
AE+AF— AG Off. =0. 

Car. 2. If the Semi-circumference be divided into it. 
any odd Number of equal Parts, as n ; whereof the 
two firft are B F, the two next E F, the two next 
ED&V. and if the Cords AF, AE, ADfcfr. be 
dmwti : Then the Produft of all thefe Cords, A Fx 

AExAD=CB?I=i. 

2 

For if AD=AK, then R and G fall in B, and % 
AE=AI, AF=AHGfc. therefore by this Prop. 
A D*X A E*X A F*X A B= A Bxr— '. 

Qtr. 3. The fame Things fuppofed as in the laft 
Cfcr. I fay, A F— A E+ A D fcfr. =C B. 

For by Cor. i. 2AD+2AF=2AE+AB. 

Cor. 4. If Arch BR=»xBG, and the Cord AR . 
drawn, and the reft be done as is fuppofed in the 
Prbp. thta the Produdfc of all the Cords A DX A Ex 
AF6?*. sARxCB^,andAD+AF+AH+ 
AK=AE+AG+AI. 

For it will appear with a little Confxderation, that 

AD+BG=half ofDE=-£, oraxAD+*xBG= 

20 

±C. But *XBG=:BR, therefore »xAD==fO- 

BR=AR, therefore this Cor. comes to the Cafe €>f 

this Propofition. 

Cor. 5. If a Quadrant be divided into any odd 

Number of equal Parts, as n ; and A be one of thefe 

Parts, Radius =r. then the Produft of all the Sines, 

of 1 A, 3 A, 5 A y 7 A fc?r. in the Quadrant =s 

This follows from Cor. 2. taking half the Cord for 
the Sine of half the Arch, and half Radius for C B, 
and multiplying both Sides by r. 



F4 PROP. 
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FIG. 

PROP. XL, 

g. If the Circumference of a Circle, whole Center is C, 

be divided into any odd Number of equal Parts as #, at 
the Points A, E, F, G, H, I, K, and from any one as 
A, to all the reft there be drawn the Cords AEj AF, 
AG &V. I fay the Produft of all the Cords, A E X 
AFxAGxAHxAIxAK=»xAO 



% For let the Arches A D, A R be infinitely frnall, 

and they will coincide with their Cords ; then the 
Cord A D, is to the Cord AR, as i to #, and wit/i 
this Ratio the Cords AD, AR vanifti when A and 
D coincide, and therefore by Prop. XXXVII. ixAE 
X A FX A G fcfa =»XC B—S 

Otberwife. 

If A D be =o, then n times the Arch AE, AF, 
A G &c. always ends at A, and therefore c the Cord 
of thefe multiple Arches is =o, therefore if s= Cord 
of the fingle A rch, we (hall have*(by Cor. 2. Prop. 

XXV.) ns-? nn '~ l j 3 &c. =0, wherein one Root s 

is =0, and the Equation being divided, we have 0— ~ 
j* 6?^. =0, wherein the abfolute Number is n 

24TT 

or rather nr*— l , which therefore is equal to the Pro- 
duft of all the Roots, whofe Number is now n— 1. 

a Cor. 1. If the Semi-circumference A EB he divided 

into any odd Number of equal Parts, as n ; whereof 
the two firft is A E, the two next E F, the two next 
FG&fr. And the Cords AE, AF, AG &c. be 
drawn : I fay the Produft of all the Cords A Ex A F 



»— 1 



XAG^.=CB* x^». 

For AE=AK, AF-AI &c. therefore AE*X 
AF*XAG*=»XAC— '. 

Cor. 
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Cor. 2. If the Quadrant of a Circle be divided into FIG. 

any odd Number of equal Parts as n, and A be one 9. 
of them ; then the Product of all the Cofines of A, 



3A, 5 A, 7 A &c. =- 



Xjn. 



This follows from the laft Cor. becaufe 7AG, i AF 
6JV. are the Cofines of fBG, iBF &c. or of A, 
3 A&c. 

Cor. 3. Hence alfo, the fame things fuppofed as in 
this Prop, the fum of the Squares of the Cords AE* 
+A F*+ A G*+ A H a + A I*+ A K*=2 nXC B*. 

#'— ft * 

For in the Equation n s — — — s* t£c. =0, or ra- 

^\rr 

ther by Cor 1. Prop. XXIX. ** — ***-• t£c. =0, 
% one Root *=o, which being divided,**— '—ax*— 3 fcfr. 
3:0, fince here the Index decreafes by 2, therefore 
xx is the Root of the Equation, and n or nr % the Co- 
efficient of the fecond Term is the Sum of the Roots, 
that is of the Squares of AE, AF, AG; which 
doubled gives the Sum of all the Squares. 

PROP. XLI, 

If the Circumference of a Circle, wbofe Center ts C, 12^ 
end 'Diameter A B, he divided into any even Number of 
equal Parts, at the Points D, E, F, G, H, I, and front 
any Point A, there be drawn the Cords AD, A E, A F 
6?r. And the Arch ARfe taken =» x Arch A D, and 
the Cord A R drawn ; then the Produ£t of all the 
Cords A DxA Ex A Fx A Gx A HxA 1= A RxC B—S 

Let Cord A R=r, and x= Cord of the fingle Arch, 
then by Prop. XXIX. we have — K^-f^** 2 *- 2 &c. 
zzec. But xx or the Roots of this Equation are 
A D*, A E», A F* &c. and therefore their Product 
AD*xAE*&V. =cc or rather ccr 1 — *, and ex- 
patting the Root,ADxAEx &V. =* r"- 1 . 

Cor. 
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FIG. Cor. i. The Sum of the Squares of all the Cords 
ADM-A E*+A F*+A G*+A H»+A I* =2 *xCB*. 
For the Coefficient of the fecond Term is the Suns 
of all the Roots = 2» or inr\ 

Cor. 2. If the Semicircle A EB be divided into an 

* even Number of equal Parts, as » ; and the odd Cords 

AD, AE, AF drawn; I fay their product ADx 

AExAF = CA*xv'2. 
I2 . For in this Cafe, AD=AI, AE=AH, and AF 
= AG, and AR=2CB, therefore AD*XAE*X 
AFzsARxCB"- 1 =2CB". 

PROP. XLIL 

g # If the Circumference of a Circle, wbofe Center is G, 

he divided into any even Number of equal Parts* at A, 
D f E fcfr . and from one of ihtrh as A, there be drawn 
is aU the reft the Cords AD, AE> AB, AG, AH; 
I fay the Product of all the Cords, A DxAEX A BX 
AGXAH=»XCB— «, 

. FortfxAD, »XAE &c. all end at A, and their 
Cords =0, therefore by Cor. i. Prop. X XIX. x— 1 
*— n — 2 . **~3 &c< ..,+inx : X V4— xx, =0* and 
one Root #=0, and dividing the Equation by it and 
the Correfpondent Cord of the Supplement V4 — xx 
(which here is AB), and we fhali have +# , "~ z: T 

n — 2X"—+ +t»s=o, where in or ini*~* is the 

Rectangle of the remaining Roots AD, AE, AG, 
AH, which multiply by tr, and you have ADX 
AExABGV. —nr n -\ 

* This Prop, is alfo' evident from the laft Prop, by 
fof pofmg AD, AR infinitely final], and to vanifti in 
t^e Ratio of 1 to n. 
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FIG 
PROP. XUII. 

If the Circumference of a Grcle AFHA, wbofe I4 
Diameter h A B and Cenier C, be divided into any even Jt 
Number of equal Parts as », at the Points D, E, F, G, • 
H, I ; and from any Point B in the Circumference, 
' there be drawn the Cords B D, B E, B F fcf c. and if the 
Arib ARfe taken =»X Arch AD, and the Cord 
B R drawn ; I fay 

Me Produ B of the Sq uares of the odd Cords B D*X 

B PXB H»=B A+B RXC B— 1 , when \nis an odd 

Number ; and =B A — BRxC B»— ', when in is an 
even Number. 

And the Produ S of the Sq uares of the even Cords 

BE'XBG' XBI^BA — BRxCB— ', when in is 

oddj and = BA+BR x C B*- 1 , when in is even. 

For Let A be the common Origin of the Arches ; 
and let the line P Qjevolve about B, beginning at 

A, and going thro* the Semi-circumference A E B in 
-which any Cord as BR being drawn, will be affirma- 
tive. But after the Point of Interferon paffes thto* 

B, the other Part B Q^paffes thro* the whole Circum- 
ference, in which any Cord BR will be negative, 
then the Part P B paffes thro* the next Circumference 
from B, and any Cord drawn in it will be affirma- 
tive ; and fo on alternately. Therefore if C= Cir- 
cumference, A= Arch A R lefs than ~C • then will 
the Cords of A, 2C+ A, 4C+ A &c. be affirmative, 
and the Cords of C+A, 3C+A, 5C+A Gfr. nega- 
tive. Put <*= Cord of B R, then 



CASE I. 

In the Arches AD, A F, A H, whofe Sup. Cords 
areBD, BF, BH; we have»xAD=A, »xAF= 
sC-f-A, nxA F H=4C+A fifr. wherefore the Cords 
pf »xAD, »xAF, nxAFH are affirmative. 

Whence 
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Tl G. Whence by Prop. XXX. 
14, x* — nx?—*fi£c. — 2=+*, when \n is odd, 

*5» and #•—»**-* ©V. -J-2=+tf, when \n is even, 

that is x" — nx n ~ * Esfr. =*+2, according as i» is odd 
or even. In which Equation the Squares of B D, 
BF, BFJ the odd Cords are the Ro ots; therefore 

their Prodyft is 2+0, or rather ir+a xr*— *, accord- 
ing as i n is odd or even. 

CASE II. 

In the Arches AE, AEG, A EI, whofe Sup. 
Cords, are BE, B G, B I ; we have »xA E=C-f- 
A, *xAEG=3C-f A, *xAEI=5C+A. Therefore 
theCords of »xAE,#xAEG, #xAEI, are nega-% 
tive, whence by Prop. XXX. 

x* — nxf— * fcfr. — 2=— a 9 when in is odd. 
and ** — 0*"— * &c. +2= — a 9 when f n is even. 

that is x* — *"— * &fV. +0+2=0, as in is odd or even." 
Wherein the Squares of B E, B G, B I, the even Cords 
are th e Root s, and therefore their Produdt is a+2 or 

rather Tr+ixr"— 1 , according as in is odd or even. 

14. Car. 1. The fame Things fuppofed 5 the Sum of 
the Squares of the odd Cords, as alfo the Sum of the 
Squares of the even Cords, BD*+BP+BH* or 
B E*+B GM-B r=»xC B*. 

For the Coefficient of the fecond Term in both E- 
quations is n or n r 2 , the Sum of the Roots. 

Cor. 2. The Produtt of the Squares of the odd 
Cords -J- the Prodott of the Squares of the even 
Cords, that is, BD*xBF 2 xBH*+B E*xB G*xBl a 
=4.CB». 

16. Cor. 3. Hence alfo if the Circumference be divided 
into an even Number of equal Parts as n *, and Cords 
be drawn from any Point B to all the reft, then the 
Sum of the Squares of the alternate Cords will be e- 

qual 
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qual to each other and to n x C B* ; B A*+B F*-f FIG. 
BH*+BL* + BN a = BE a +BG*+BM*+BO* = 16. 
*xCB*. 

This follows from Cor. 1. fuppofing the Point G 
to coincide with B, and D with A in Fig. 14, 15. 

Cor. 4. If the Arch A R the multiple of A D, be 
greater than half the Circumference; then the Cord 
of the Supplement with be — a. In which Cafe you 
muft write —BR for +BR, and +BR for -—BR, 
in the prefent Propofition. 

SCHOLIUM. 

Since the Square of the Cord = verfed Sine X Di- 
ameter, therefore, in the foregoing Propofitions, and 
their Corollaries, you may, by Subltitution, find the 
Sums or Produ&s of the verfed Sines of Arches, in- 
ftead of the Sums or Produfts of the Squares of the 
Cords correfponding to them. 



PROP. XLIV. 

If the Grcumference of a Circle, wbofe Diameter is 
A R, and Center O, be divided into any Number of e- 
qual Parts as 0, at the Points A, C, E, G ttV. begin- 
ning at A ; and from any Point P in the Diameter A R, 
be drawn the Lines P C, PE, PG fcfc. I fay the Pro- 
dua of all the Lines APxPCxPExPG &c. thro* 
the whole Circle is = A 0» — O P» . 



'7 
18 



For draw the Cords AC, A E, AG; and from 
C, E &c. let fall Perpendiculars upon the Diameter 
AR, asCIfcfc. and let AOorOR=r, PO=iX, 
A P==y=r— x. Then P C= A P*+ A C*— 2 PAX 

AI=jy4-AC— * AC% 

r 
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FIG. thatis PC 1 =/+-AC > 1 

l8 ' likewife P £»=/+? A E* > thefe multiped 

alio P G*=/+ ~ A G» fcfr.j 



together produce PC*xPE*xPG*=> 6 +-y* X 

T 



XX 



■1-h—— j^M^UU^I rt > M 



AC+A&+ AG*+— v*x AC x A E a +A Ox A G* 

rr 

+AE , xAG^^ACxAE«xAGVPCxPrx 

PExP*xPGxP£. But in the fecond Term of 
this Equation A C*+A E*+A G* is the Sum of the 
Squares of all the Cords (AC, AE, AG) which 
call A. And in the third Term is the Sura erf alJ 
their Re&angles =B. In the fourth Term the Sam 
of all the Solidsi — C, and fo on. Likewife the In- 
dex of j in the flrft Term is ft— i, when n is odd, or 
*— 2 when ev*iv This being pranifed \ the Equa- 
tion wtfl be eapreft?d in general thus, P Cx Pc xPE 

xP* &c. =y*->+p*~) A+ *£y~s B+^y-7 C-f 
zLj^-9 D> fcfc. when » is. odd. And P C xP cx P Ex 




P e &V. =y-*+ *y-* A+ ^y~ 6 B+ £>— 8 C©V. 

when n is even. Let x = Cord of A C, AE £sfr. 
then, 

C A S E I. 

17. If n bean odd Number; then by Cor. 1. Prop. 

XXIX. the Cord of » times that Arch = — 



fix 

■ &; .=0 in this Cafe. But here one Root is #=0, 

by which dividing the Equation, and multiplying by 

r"~ J 7 
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■■ ■ ■ . ■ ■ T? T f 

f*~i, you will have **-*— n rV-3+ 2±Zl rV^U- % ^ # 

- — - 2 i8*. 

a.» 4 ,n 5^^,-^ £fo =0> w hercin the Roots are 

6 
AC, AE, AG, Ag, A*, Ac. But fince ACa 
A r, A E=A e 9 A G=A^ , and fince in this Equati- 
on there are only the even Powers of K ; therefore x x 
is the Algebraic Root of it, and all the particular 
Roots are AC, A E% AG 1 . 

But in every Equation the Coefficient of the fecond 
Term is = the Sum of all the Roots, therefore A C? ; 
+ A E a + A G z = n r* = A, the Coefficient of t he 

third Term = Sum of aH the Reftangles = 2±Z2 r* 

2 

=J8, the Coefficient of the fourth T erm = Sum of 

all the- Solids s c 3 g,<H ^V, and fo on. 

Therefore putting for A, B, C i£c thefe their Va- 
lues, and we fl*ll have P*C xP ExPG xPjr fifo. = 

' l r rr 2 

fcfc. that is, (putting r—*. for j*- and inwriving) 

.. „ - , -_. . n I.Jfc— 2 „ * *— I . » 2. »— «3 _»— j, Mt j^,. - 

— r »"— *^«L— I .y^^^lf y^— 3^»— " J ' * r T *» arc* 






+ 

&e ^x n r- x 

&c. . . . + #"- x 

then 
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FIG. then multiply by PA or r — #, and you will have 
P AxP CxP ExP GxP^xP e xPf=r»— *». 

CASE n. 

18. If be an even Number; then by C on i. Pro p. 
XXIX. the Cord of n times the Arch =^47- r — xxx 

— * I 2 : 1 &fr. =0, in which is one Root 

#=0, and dividing the Equation by x and the cor- 

refpondent Cord of its Supplement ytjpr—xx (which 
here isAR), and mul tiplyi n g by r »— », you will hare 

1 2 



?~ 4 ' *~ 5 ' *~ 6 rV-« fc?<r. =0, in which there be- 
6 

ing only the even Powers of x 9 the Roots are AC*, 
AE*,AG\ 

But in this Equation the Coefficient of the fecond 
Term is = Sum of all the Roots AC*+AE*+ AG« 
n — 2Xr*=A,theCoefficientof t he 3 d Term is theSum 

of all their Reftangles = "—3-*— 4 r*=B. The ^o- 

2 

efficie nt of. the fourth Te rm is the Sum of all the So- 
lids = *~ 4-»— 5-*— V =sC, and fo on. There- 

fore putting for A, B, C &V. their Values in the ge- 
neral Equation, we have PCxPExPGxP^ &*• 

~y*-%+ * f-+x*^2. r*+ —f-* x*~ 3 *~ 4 r 4 Gfa 
r r* 2 



— 4 ' 6 5 ? r J *y- 8 65V. that is (putting r— x 

for 7, and involving) 
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«i_* — ■ » — 2.« — 2 n— 2 .n— -z,.n — 4 
=r*~*— »— 2 .T n ~lx4 2 r*~4;r*~- z-1 V~ 5*3 

2 O 



+- »" « „ #— — 2 . ft—— 4- « j . W— "2 . «•— 4.. W— C 
n—2 . /*-3 *_ 1 r *— 4 ^ J. 1 1 & Cn 



I »— -^ •» 4 . „_. 2 .ft A.. » 6 . . 



— r»-» • +r"-4A* * 4. r»- 6 * 4 &fo 
* &c +x n — * 

multiply by PAxPR or rr—xx, and you will have, 
PAxPCxPExPG\PRxP?xP*xP<:=r»— x\ 

Cor. i. If the Semi-circumference AER be di- FIG. 
vided into any Number of equal Parts as w, at the »8, 
Points A, B, C, D &c. and from any Point P in the 
Diameter A R be drawn Lines to all the even Points 
of Divifion, as P C, P E, P G. I fay, the Product 
of P A into that of all the Squares of thefe Lines, 
PAxPOxPE'XPG*, if» is an odd Number, or 
of PA and P R into thefe Squares, PAxP RxPC* 
XPE*xP G* if n is even, is =A O— OP". 

For if »x AC= whole Circumference, then »xAB 
= half the Circumference, and Pc=PC, P<?=PE 

Cor. 2. If a Semi-circle be divided into » equal 
Parts, and one of them be K, and s,t, u &c. be put 
for the Cofines of 2K, 4K, 6K &c. to a^I. K, if * 
is odd, or to n — 2 . K if even ; then I fay r — x X 

atm^mm^t^m^mimmmi^mmmtmmmmm m^^mmim^m^m^^mm^mmm^t^imm^^mm m~^m-mm^—^mm^*mm~~~—~~m~*~ 

rr—isx+xxXrr — 2tx+xxXrr — iux+xx, &c. if n 

be an odd Number, or r—x Xr+x Xrr — 2sx+xx 

Xrr — 2 tx+xxXrr — 2 ux+xx &c. (if n be even) == 
r n — x". 

G For 
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FIG. For Jet *, b 9 c &V. be the Sines of 2JC, 4K, 6K IS c. 
18. orof AC, AE, A G &?<:. then C 1= a, OI=j, PI 

=j— #, AP=r-*, PR=r+*, apd PC 2 =**+ 

j— *.*=5.**+^ — 2j*4-##= ::rr — 2SX+XX, after the 
fame manner P E*=rr— 2.&K+*** andPG*=rr — 
2 «*+#*,. &V. and b y Cor , i. the Produft of thefe 
utt^r— #, on elfe into r — #Xr+#, is =r w — x n . But 
obferve that the Cofines of Arches greater than 90% 
will be negative,: 

Cor. 3. Hence alfo if//, *,/6fr. be the Sines of iK ? 

2 K, 3 K, &. then^xjH-'lS^+ilfix^^ 

fcfr. if n be odd, 

Or ^ x ^pxj*+l££^ xy+il££ xf+tJtOL &c. 

r r r 

if » be even, =r" — x*. 

This follows from the Demon ft rat ion of this Prop. 
for2<fc=AC, 2<?=AE, 2/=AG, i$c. 

Cor. 4. Alfo it a % b, c be the verfcd. Sines of aK, 
4K, 6K fcfr. ^ 
then if n be odd, y 



9*—* —^^m*^ 



if n be even^x^ 5 *jM-a«»9«+»*«i**+2«* 

&t. =r--*«. For *=^, *=«£!, *-,$£ 

r r r 

17. G>r. 5. And if P be taken without the Circle at w, 

18. the Produftof all the Lines *- AxirCxirExirG fcfr. 

=irO— AO". 

For let Ott : O A : : O A : OP, and let the Lines 
P C, PE&ff. be drawn ; then fince *- O : CO : : CO 
: O P, and Angle O common, therefore the Triangles 
• jOC and C O P are fimilar, and for the fame Re*- 
fon, irEO, and E OP, fefc. Whence irO:CO:: 
* C : P C : : *■ E : P E &c. : : * R : P R : : * A : P A . 

Therefore PA= r *^ A , P R=^^, PC= ^, 

PE= Zll£ &c. P 0= LL.. Whence APx PC 

xPE 
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PE^rP^^ ^ wAxwCxwExM&c. ^ FIG. 



IT O 



x 

PROP. XLV. 

Tjf the Circumference of a Grck AEG, wbofe Dia- 1 7. 
Meter is A R, ##4 Gftf/tfr O, A? divided into any Num- ij}. 
&r 0/" equal Parts as », */ the Points B, D, F- (3 c. and 
the Part Bb be tyffefted by the Diameter A R ; and from 
any Point P therein there be drawn the Lines P B, P D, 
P F (3 c. I fay the Product of all thefe Lines P BxP D 
XP F (3c. thro' the whole Circle is — A O'+O P». 

For let all the Parts BD, DF (3c. be biffefted in 
C, E, (3c and P C, P E (3c. drawn, and then the 
Circle will be divided into in Parts, therefore 

% rop. laft \ PAx PBxPCxPDxPE&r*. =AO"_ OP" 

andbythe| pAx p Cx PEfcf,. =AO— OP* 

lame, J 

thereforeby) PBx PDxPFxPRxP/xP^xP* 

Divifion J when n is odd, 

or PBx PDxPFxPHxPj&xP/xPixP*, 

. AO»— OP*» A ~ , ^ 

when n is even, is=-™r p^r- = AO +OP*. 

AO — OP» ■ 

Cor. 1. If the Semi-circumference, AER be di- 
vided into any Number of equal Parts as n, in the 
Points A, B, C, D (3c. and from any Point P in the 
Diameter AR, the Lines PB, PD, PF, (3c. be 
drawn to alt the odd Points of Divffion : Then, the 
Produft of all their Squares if n is even, P B*xP D a x 
P F* x P H* 5 6t that Produfl: Xd by PR that is 
PB*xPD*xPF a xPR if n is odd, is = AO-+ 
OP. 

For if »XB' £ac whole Circumference, then »XAB 
=f Circumference, and P b=P B, P</=P D (3c. 

G 2 Cor. 
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FIG. Cor. 2. If a Semi-circle be divided into any Num- 

1 7. ber of equal Parts as », and one of them be K, and 

18. *i t* * &c* be the Cofines of i K, 3K, 5K ($c. to 

n — i.K when n is even, or to n — 2.K when * is odd. 

Then I fay ' 

. rr—2sx+xxxrr—2tx+xxxrr — zux+xx &V.=rr ,, -J-x*„ 
when n is even, or 

r-j-xxrr — isx-\-xxxrr — 2tx+xxxrr — 2ux+xx &c. 
zz f+x", when n is odd. 

For if a> b 9 c &c. be the Sines of iK, 3K, 5K &c. 
then the fame way as in Cor. 2. Pr. XLIV. will be 
found T?h*=rr—2sx±xx f PD z =rr — ztx+xx, PF* 
zzrr — iux-\-xx &V. whofe Produft alone, or clfc 
multiply'd by r+x 9 is, by Cor. 1. zzr~-\-x*. 

If P be without the Circle as at w, it will ftill be 

irB X irD X ft F &C. =A O'+Ott". 

For by this Prop, and Cor. 5. of the laft ; that 

Product will be °*™~^ ^ = O «* + A O . 

O -n* — A O ^ 



20. 



PROP. XLVI. 

If the Arch he of a Circle be divided into any Num- 
ber of equal Parts as n y of which A B is one ; and if 
the whole Circumference be divided into the fame Number 
of equal Parts, at the Points B, C, D, E 6fr. beginning 
at B ; and if from any Point P, taken in the Diameter 
AR, the Lines PB, PC, PD fcfr. be drawn, and 
eF be let fall perpendicular to A R to interfeS it in F, 
between the Center O and R. And if AO=r, O P= 
=r#, O Fzzb ; then I fay the Product of all the Squares 
P B* x P C* x P D* x P E* t$c. =r*«+2br—W+x**. 

For let AO=r=i. AP=jk=i~ x 9 then youwill 
find as in Prop. XLIV. PB*=:.>*4-xxAB*, PC*=>*+- 
*xAO, P D*zzy*+x x A D* fcf c. which multiply'd 
together, produce PB* x PC* x PD* &c. zzf+Axf-* 

+B**y- H-C# J y— 6 &?c. + Fa", putting »=2», A= 
Sum of the Squares of the Cords A B*+A C*+A D* 
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&f c. B= Sum of their Redtangles, C= Sum ot their F I G. 
Solids Gfr . And F= Produft of them all. 20. 

Now if z be the Cord of an Arch, c the Cord of n 
times the Ar ch, then by Prop. XXIX. z»— yg r — *+y. 

rz2 2^-4— y . '— 4 • *~ 5 z-* &V. =+r r. 



22.3 — 

In which Equation, the Root zz reprefents indif- 
ferently the Square of any Cord A B, AC, AD fcf c. 
Therefore by common Algebra, the Sum of the 
Squares of the Cords, A B*+ A C*+A D 2 fcfr. = », 

the Sum of their Produdts = » .IHL2 ; Sum of their 

2 

Solids =yX > ~ 4 '"~ /; , &c. and the Product of all 
~cc. Whence we get A=v, B = V ' V ~T 3 , C=r 



».y— 4 .v— 5 ^ and F _ u Confcquently P B* x 
2 -3 



PC*xPD* fc>V. =/+yyy y -- a +i/.!ll2^y---4+ > »— 4-v— 5 

2 2.3 

x*y— 6 fc?r. +f cx a , and putting 1— x for^y, and in- 
volving, we have P B* x P C* x P D* &c. — 



223 

112 



2*21 

6?*. 

Hence it will appear, by fuming them up, that the 
Coefficients of the fecond, third &fr. Terms are o, 
till you come to the middle Term, where you have 
ccx n (the Index n being i *) ; likewife beyond the 
middle Term they are o, becaufc the Coefficients are 

G 3 the 
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FIG. the fame at equal Diftances on each Side from the 
20. Middle ; whence they all vanifh till the laft x*. 

Now to find the Coefficient of the middle Term, 
it muft be obferved that ccx n fupplies the Plpce of 
the firft Term of the next horizontal Series \ which 
Term, if it were there, then the Sum of the Coeffi- 
cients (in that perpendicular Column) would there 

alfo be =o* as before. Hence it follows that if *=2» 

• 

4, 6 (3 c . that the Term vx, v. !^L£ #*, v. UZIi . y ~ 5 X * 

22-3 

(3c. will be wanting, refpe&ively, which Term is 

2#, 2 xx y 2X\ (3 c. refpe&ively, and in general the 



21. 



20. 
21. 



21. 



Term wanting is always I2 ' 3 * ' '* 



VLlx»=>Lx~ 



1.2.3 . . . n — 1 . n n 
=2#*. Confequently the middle Term will be found 
to be — 2x n +ccx n 1 But a=ARxAF=2+2* f 

therefore — 2&+2\2b .x*=2bx* is the middle 
Term. And therefore P B*xP C*xP D* (3c. thro* 
the whole Circle, =1+2 £#*+#**, or rather r** -J- 
2r n — J bx H +x 2H . 

Cor. 1 . If the Arch A e be k(s than a Quadrant* 
and F lye from O towards A ; then will P B 2 XP C*X 
PD'xPE* (3c z=zr 2n —2l>r»- 1 x n +x* tt . 

This follows from this Prop, putting — b inftead 
of +£, as lying on the contrary Side of O. 

Cor. 2. If P be without the Circle as at », then 
will v B z X?r C*Xtt D* (3c. =zr 2n +2br"— 1 x*+x*" y ac- 
cording as F falls beyond, or on this Side of O, in 
refpeft to P. , , 

The Demonftration of this Prop, equally proves 
this, fince the even Powers of x — 1, are the fame 
with thofe of 1 — x, and v or %n is an even Number. 

Cor. 3. Let bzz Cofine of an Arch A or A e, to the 

Radius r •, and ~=B, 3£2=C, and s, /, u (3c the 

n n 

Cofines of B, B+C, B+2C, B4-.3C, (3c. to B ± 
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n^i . C, to the Ra d ius r, x= any Q uantity : Th en I FIG. 
f a „ rr — a s x+xxXrr--ztx-4i-xxXrr— 2ux+xx &?r. 2I ' 
ton Terms, is =f— i*r— ■«■+»". 

For let a=Bl the Sine of_B, s=0 I the Coflne, 
then F B'=BI'+P Pi=aa+«-» =««+«— 2 «+»* 
z^rr—isx+xx, for the fame Reafon, P C'=rr—itx 
+xx, PD*=rr— 2 «*+**» &?r. but by Cor. 1. the 
Produaofthefeis=r*— 4»r— *"+*"■ 

If A be greater than a Quadrant, write +i for — *. 
likewife any of the Cofines 1, I, « 6?r. of Arches 
between 90, and 170, is negative, and therefore in 
that Cafe write +J, +t, +f infttadof —J, —t, "*> 
fc?r. 
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BOOK II. 

Plain Trigonometry \ or the Doftrine of plain 

Triangles. 



JT^LAIN Trigonometry teaches the Relation of 
jf^ the Sides and Angles of Plain Triangles, and 
how to calculate their Sides and Angles. . 

A Plain Triangle is made by three right Lines* 
. which are called it's Sides, and if one Side be per- 
pendicular to another, or makes a right Angle with it; 
then 'tis callM a right Angle-Triangle * otherwife 'tis an 
oblique Triangle. 

Aright Angle \s meafured by an Arch of 90 , an 
acute Angle is lefs, and an obtufe one greater than a 
right Angle. 

In a right Angled-triangle, the Side oppofite to the 
right Angle is call'd the Hypothenufe ; arid the other 
two the Legs or Sides, or fometimes the Perpendicular 
and Bafe. 

In all plain Triangles the Sum of the three Angles 
together is 1 80 Degrees : And in a right Angle-tri- 
angle, the Sum of the two oblique Angles is 90 . 

When three Letters denote an Angle, the middle 
Letjeris always at the Angle, 

SECT, 
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f 

S E C T. I. 

Tie Relations, and fever al Proportions among the 
Sides, and Angles of plain Triangles. 

i ■ mi i mmmmmmmmmmmmmmmmwmmmmmwmmmmwmmm^amm^m~mmmmm»wmm»+mmwmmw*mmmmmmmmmmm*tm» 

PROP. I. 

In any right angled Triangle CAB, let the Hypothe- 
nufe CA.= 4, and CA — CB or BD=uj then, FIG. 

57.29578 V^ + ^A+J^B+-il-C,tfr.= x - 

b 3.40 5.80 7.120 

Angle A C B in Degrees ; w&r* A, B, C are the pre- 
ceding Terms. 

For with the Center C defcribe the Arch AD, then 
BDor u is the verfed Sine of the Arch A D, and 
Radius h, therefore (by Prop. XIV, B. I) Arch AD= 

<l%Ulr JLA+AB+ J* C &c. but as haff 
3.40 5-oib 7. 120 

the Circumference 3.14159& : 180 Degrees : : AD : 

l8oAD = Degrees in the Arch A D= 57^79 
3-HI59 * 

' X A D, that is, Z. A CD=M; 2C > Xibv+~ r A : fife 

b 3.40 

=57-2957 Vx+ '■ JL S A + J ffi B ^- 

£ 3.4* 5.86 

<C*r. 1. ^ /£* &ww 0/* the Hyp. and i longer Leg 9 
AC+iCB: 

To 86 : : 

So tbejhorter Leg, A B : 

To its oppqfite Angle C, nearly. 
Let CB=£, and AB=r, tf= Z-C in De grees, then 

by the Nature of the Qrcle c—i/tbv— ifVbzjikv — 
—y>/2b\) &c. by Evolution. Then by this Prop. *= 

57-3 
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^Z^XrV^H — l^/ibv : nearly, multiply this E- 
b \ib 

quation by the former, and you have a x : <fibv — 

JL^2b\)=^2^X:V^bij+J^i/2i m v i and dividing 
4b b 12 b ° 

by Jibv, ax7^=52^Xi+» And ££Z 

4b b lib b 

M 
I 



I. 



-ax li= (by Divifion) a Xi— JL ® c * 



1+ 



12^ 
= aX*±pL=aX±Z*+£=aX ***£ whence 

tfX2^+^=i7i.gf = :i72f nearly, or £+i#X*=86*. 

SCHOLIUM. 
If £=1.0—57,3, then i»r=$6, and by Cor* 1. 

b+\b : 1 : : f » : *, and 2*+fc=12, and *=£? — i 

<P 20 2 

•_ S* _i^ = -i whence 3» _ %h ^bb^u this E- 

quation reduced gives, b=. HL — y/™— ^. Whence 

a aa 

7 Off 

*= 2 b 5 which is Forfler's Rufe* 



prop, n, 

.Tjf <«ry right angled Triangle CAB, let * = Degrees 

in the Mer Z. C, m— — r-2 * 3T&» 

57-*957 & 
./& 1 : 

1.2 3.4 5,6 7.8 
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As the Hypotbenuefe, C A : FIG. 

: To the adjoining JSide C B. * • 

wfefe A, B, C &c. are the fgregoiog Terw, with 
their Signs. 

For let Radius C A or C D=b. Arch A D=z, then 
ah 



__ = mb 9 and by Cor, 1 . Pirop. XII. Cp* 

fine CB=A--2U+-^r-Hefr. =*-m+ 



57.295 <2fc. 

_ -2 



1.2b 1.2.3.46 s 1 26 

•«* _ ^-r AX ,- *1 + -£ ^+ 

1.2.2.4^ 1.* 1-2.3.4 *•••& 

I . . ..«o 

Cor. 1. If a be the lejjer Angle, in Degrees, then it 
will be, 

AS&1 + -H-'. 1 :: %. CA : op. fide AB, 
<* 1000 

For let 8=57.3, then CB*;=I>$— z*-f-— gjfcfo 

and AB*=C A 1 — C B«=z*— 2l, and extrafting the 

3* 1 . 

Root, AB=z-^- r »i g— AX- 6g} 

dividing both Sides by f-^, *=ABX?+^=» 

; £Zi+JfLx:AB. 

" 1031 . 

Car; 2. #" a & /&* /#r Angle in Degrees, then 

Js z . !_- Jl^f. : : Hyp. C A : adjoining Side 
1 0000 

BC, nearly. 



■^■^•■"^^ 



For C B=C AX «-i=CA X«-^=CAX 



1 2 SCHO- 



IOOOO 
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F SCHOLIUM. fc 

*• Let j=90°, jy = 2 — tf, then fince C B = C^< 

- a a by Di vifion C A=C BX i +-f±, ' and C A 



inn %nn 

«„ J 2— l it 



y 



fcfc. =292+3*. Therefore CAXjy=CBXH- — 4£f_., 

nearly, which is Wilforis Rule. 

Since in a right Angled- triangle, the Square of 
the Hypothenufc is equal to the Sum of the Squares 
of the Sides. And in any Triangle, the Bafe is to 
the Sum of the Sides, as their Difference to the Dif- 
ference of the Segments made by a Perpendicular. 
Therefore by thefe and the two foregoing Propofitions 
and their Corollaries, all the Cafes of plain Triangles 
may berefolved, without any Tables whatever: Di- 
viding oblique Triangles into two right angled ones, 
by a Perpendicular let fall from the End of a given 
Side and oppofite to a given Angle. 

PROP. Ill; 

In any right angled Triangle CAB, any one of the 
three Sides being made a Radius ; and a Circle described 
from the End of it as a Center •, then the other Sides will 
reprefent Sines ■, Tangents, Secants, fcf c. of the rejpeifive 
Angles : Then it will be as any Side ; to what it reprefent s 
in the Table : : fo is any other Side, to what it reprefeats 
in the Table. 

Defcribe the Arches A D and B E, from the Cen- 
ter C, then if C A be made Radius ; A B will be the 
Sine, and C B the Cofine, of the Angle C. And 
if CBbe made Radius, AB will be the Tangent, 
and C A the Secant of the Angle C. And becaufe the 

Sines, 
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Sines, Tangents &c. of any Angles may be found in F I G« 
the Tables, therefore when any Triangle is propofed, 1. 
there may always be found a fimilar one in the Ta- 
bles \ and confequ£otly the Sides about the equal An- 
gles are proportional. , Therefore it will be, * 
As Radius : AC : : S . C : AB :: Cof.C : CB, 
and Rad. : C B : : Tan. C : A B : : Sec. C : C A. 



2. 



PROP. IV. 

In any right angled Triangle C D E, 
As the Sum of the Hyp. and one Side, C E+E D : 
Radius : : 
So the other Side, C D : 
To Tan. half the op. Angle C E D. 

Produce DE to B, fothatEB=EC, thenZ-B 
=Z-BCE, and Angle DEC=Z-B+BEC=22LB. 
But m the Triangle CD B, by Prop. III. it is as D B : 
Radius : : C D : Tan. B, that is D E+E C : Rad. : : 
CD : Tan. IE. 

PROP. V. 

The Sides of any Triangle, are proportional to the Sines 3, 
of their oppofite Angles, A B : S.F : : A F : S.B : : F B 

• u.A. 

On AB, A F let fall the Perpendiculars FH,B*i 

then by Prop. III. A F : F H : : R : S. A 

FH: FB :: SB : R 

therefore ex equo, A F : F B : : S.ii : S. A. 

Again, 

As AB: Bi :: R :SA 
and Bh : BF : : S.F : R 

and ex equo AB : BF : : S.F : S.A. 

Cor. 1. If a Line A D be drawn from the Vertex 4* 
of any Triangle cutting the Bafe * the Reftanglc of 

the 
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FIG. the Sides and Sines of the vertical Angles, are direftly 
4. as the Segments of the Bafe. 

For S.CDA ; CA : : S.CAD : CD= C ^f AD . 

S.CDA 

And S.CDA or BDA : AB : : S.DAB : D B = 
^|^^i2 therefore C D : DB : : CAx S.CAD 

: ABxSDAB. 
Cor. .2. If in a Triangle two Sides AC, C B, and 
^ the Angle A oppofitc to the leflcr Side C B, be given ; 
the Angle oppofite to the greater may be either' lefs 
or greater than a right Angle.-, alfo the Bafe and it's 
oppofite Angle, will have each of them, two feparate 
Values. Therefore the three Things required are 
ambiguous. 

For make CD=C B, then Z.CDB = Z.B, and 
there are the two Triangles A C B, A C D, wherein 
two Sides and an oppofite Angle are given the fame 
in both •, therefore the other three things may be found 
in either Triangle ; for the Angle oppofite to A C 
may be either B or it's Sup. ADC, and the Bafe may 
be either A B or A D, and it's op. Angle may be 
cither ACBor ACD. 



1 



6. 



P R O P. VI. 

St any triangle ABC, 

As the Sum of any two Sides B C+AB : 
To their Difference B C— A B : : 

Tan. half the Sum of their pp. Angles , Tan. "*" : 

2 

Tan. half their Difference, Tan. -. 

. 2 

Make B D=B A, and draw AD, and B F G -l to 
it i likewife F E || A C, then will A F=FD, DE= 

EG 
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E C. The Z.BA F= BAD + BD A ^BACfC *} G * 

2 % V. 

andZ-GAF:=zBAC~BAF= BAC ~ C . 

a 

The Triangles BFE, B G C are Gmilar, whence 
BE:EC::BF:.FG But AF : R :: BF : Tan. 
BAF::FG:Tan. FAG, or BF:FG:: Tan. 

B A F : Tan. FAG. Confidently BEor BD+BC 

: E C or BC "~ BD : : Tm B AF : Tan. FAG. 

2 

Qtherwife. 

BC:BA::S.A : S.C. and BC+B*A:BC— 
B A : : S.A+S.C : S.A— S.C : : (by Cor. uPr. VII.) 

Tan. £±£ : Tan. £=£. 
2 . 2. 

Note. Inftead of the Tan. half the Sum of the op. 
Angles, you may tnke the Cotangent of half the included 
Angle, which is equal to it. 

Cor. 1. As the BafeCA : 

Sum of the Sides, C B'+fr A : : 
So diff. Sides CD: 

Diff. Segments of the Bafe made by a Perpen- 
dicular : : 
So Cof. f Sum op. Angles, or S. i the vertical 
Angle : 
Cof. i difE op. Angles, cr Cof. i diff. vertical 
Angles, made by a Perp. 

For fince DF=iDA, FE=iAC; and in the 
Triangle FBE, FE : BE;: S.FBD or Cof. BDF 
:S.BFEorGFE or Cof. DFE. But DFE or 
DAC^BDA— C=BAD— C, and 2 D A C = 

B<AC~C, alfo.iBcrrComp.^±£, and A— C = 

diff. vert. 4L S made by a Perpendicular. 
4 • Likewife 
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FIG. Likewife it is evident from Geometry, that C A : 
6. C B-f B A : : C D : diff. Segments of the Bafe. Sup- 

Eofing a Circle defcribed with Center B and Radius 
A . See EucL III. Prop. XXXVI. and Cor. 
Cor. 2. As the Bafe C A : 

Difference of the Sides CD:: 
So Sum of the Sides C B+B A : 
DifF. Segments by a Perpendicular : 

So Sine half Sum op. Angles, "*" : 

2 

Sine of half their Difference, — I—. 

2 

For in the Triangle A D C, A C : D C : : S. ADB 
:S.CAD. 

Cor. 3. As Square of the Bafe A C* : 
Difference of the Squares of the Sides, B C* — 

BA*:: 
S. Sum op. Angles, A+C : 
S. their difference, A— C. 
For by multiplying the two Proportions in Cor. 2 

and *. AC* : CB+BAxCB— BA : : Cof. A+C 

2 

XS. *+£ : Cof J±Zl£xS.— £ : : (by Cor. 3. Pr. 

3.1. _2 2 2 ' * 

II.) S,A+C : S.A— C. 

A 

PROP. VII. 

y^ In any triangle A F B, 

' % As twice the Reftangle+of the Legs, 2 A FxF B : 

Sum of Squares of the Legs — Square Bafe : : 

Radius : 

Cof vertical Angle ', F. 

On F B let fall the Perpendicular A C, then by 
Prop. XIII. EucL II. A B*+2 B FxCF=A F X +FB», 
and 2B FXF C=A F*+F B*— A B*. But by Prop. 
III. A F : F C : : Rad : Cof. F. And multiplying 

the 
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the two faft Terms .by.2FB, then will 2AFXFB : FIG. 
2B FxFC or AF a -t-FB*-A B 1 : : Rad : Cof. F. 7/ 

Cor. 1. Hence thefe ate refpeftively proportional, 
As twice the Re&angle of the Legs : 
. Re&angle of the Bafe + difF. Legs, and Bafe 

— diff. Legs : 
Redtangle of the Sum of the three Sides, and 

Sum Legs — Bafe : ; 
So Radius : t 

Verfed Sine of the included Angle : 
Verfed Sine of the Sum of the oppofite Angles. 
For let «i=AF, »=BF, £=jAB, then by this 
Prop. 
r : Gof. F : : imn : mm\nn — bb ; and by Com- 

pofition, 
r : r£Cof. F : : win : imn+mm+nn+bb, 
that is by Schol. Prop. I. 

C verf. Sop. P J 5 to-trn—bkzz m+n +b xm-\-n — j> 

r : I vcrf. F J ; : 2mtt J I bb-J^-b+l^xb-^ZZ 

Cor. 2. From half the Sum of the three Sides* 
fubtraft each Side federally, and note the three Re- 
mainders. Then 

As half the Reftangle of the Legs : 

To Square Root of thfc Produ<a of this half Sum 
and the three Remainders : : 

So Radius : 

Sine ef the vertical Angle. 

For let szzb+ti+n 9 v= yerf* F. V= verf. Sup. F. 
Then by Cor. 1. 

„ b+m — nXb+n — « s — znXs — 2« .i v _ 

2tnn 2tnn 

,+^nXm+nr-b f= s*~b n And b Schol< 

2tnn 2tnn 

Prop. I. 

H VVu 



5)8 tte ELEMENTS Bookll, 

J w* — 2^ w i — 2lW w J — tn 



\ 



/lX- — — X- -X 



2 2 2 2 



G?r. 3 . As the Rcdlangle of the Legs : 

Radius Square : : 
So the Rectangle \ Sum 3 Sides — one Leg, and 

that i Sum — other Leg : 
Sine Square of half the vertical Angle : : 
And fo the Re&angle i Sum 3 Sides, and that 

iSum — Bafe : 
Co fine Square of half the vertical Angle. 
For multiplyi ng the th r ee laft Te rms in Cor. 1. by 
\r ; then 2tnn : b+m — nXb+n — m : sXs — b : : ±rr : 
*rv : irV. But by Prop. II. irv= Sine Square of 
half F, and j r V^z C of. S quare of iF. Therefore 
2tnn : s — 2mXs — 2* : sXs — b : : krr : Sine* : Co- 
fine , or mn : * X : -X : : rr : Sine 

2222 

: Cofine*, of iF. And hence alfo follows. 
Cor. 4. As four Times the Redtangle of the Legs : 

To Radius Square : : * 
So Rectangle of the Bafe + diff. Legs, and Bafe 

— diff. Legs : 
Sine Square of half the vertical Angle : : 
And fo Reftangle of Sum Legs -f Bafe, and Sum 

Legs — Bafe : 
Cofine Square of half the vertical Angle. 
Cor. 5. Reftangle of Sum of the three Sides, and 

Sum Legs — Bafe : 
Redfcangle Bafe + diff. Legs, and Bafe — diff. 

Legs :: 
Radius Square : 

Tangent Square of half the Angle at the Vertex. 
This follows from Cor. 4. becaufe Cofine : Sine : :. 
Rad : Tangent, by Prop. I. B. I. 

SCHO- 
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FIG. 
SCHOLIUM. 

Inftcad of the Rc&angle of the Legs, you may 
take a Quarter of the Redtangle, of the Sum + the 
Difference of the Legs, into ttte Sum •*** diff* Legs \ 
which is equal thereto. 

Likewife inftead.of half the vertical Angle, you 
may take the Complement pf half the Sum of the op* 
polite Angles, which is alfo equal to it. 

PROP. VIII. 
In any Triangle A F B, I fay 4 g'J 

A B— A F ^y A : S. A : : AF : Tan. oppoJtteZJb. 
Rad. 

For let fall the Perpendicular F R ori the Bafe ; 
then in the Triangle A FR, Rad. i A F : : S.A : F R 

= AFxs. A;;Cof A;AR=A FxC,y:A ^ 

. r r ■ i 

BR=AB— AFxG, /ft , then BR : Rad : FR or 

r 

A FXS.A . Tan B OfBR:S.A::AF:Tan.B. 
r 

t 

Cor. /: A B»+ A F»-i A |^ A fx Cof. A : =F B, 

Had, 

For F B*= A B*+ A F»— 2 A Bx A R. 

P R O P. DC. 

In the Triangle A F B, draw F R perpendicular to 
the Bafe, and make B R=R D j then *• 

As the Bafe, A B : , 

To the Difference of the Segments AD:: 
So Sine of the vertical Angle F : 
To Sine of the diff. vert. Angles, or S. diff. Angles 
at the Bafe- B, A. 
For AB:S.AFB::FBorFD:S.A:: AD: 
S.AFD. . 
And ^B— Z_A=^F D B— Z, A=Z_A F D. 

r Hz PROP, 
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FlGk 

PROP. X. 

9. As Caf. diff. Angles at the Baft -~ Ccfi Sim : 

Srne of the vertical Angle : : 
So Perpendicular' ': * 
Half the Bafe. 

For let A D E be the Triangle, D P the Perpen- 
dicular, C the Center of the circumfcribing Circle, 
draw ECG perpendicular, and D F parallel to A B, 
&c. the Z- E C B (= 2 E B A) is the Sum of the 
Angles A, B, whofe verfed Sine is E G. and E C D 
* * or 2 EBD is the Difference of the Angles A, B, whofe 
verfed Sine is E F ; therefore the Difference of chefe 
verfed Sines, or the Difference of the Cofines is F G 
or D P. Alfo G CB or A D B is the vertical Ang;le, 
whofe Sine is G B. And therefore D P : G B : : diff. 
Cofines : S. vertical Angle. 

Cor. As Sine of the diff. Angles at the Bafe : 
Sine of the vertical Angle : : 
Diftance of the Perp. from the Middle of the 

Baft: 
Half the Bafe. 
For F D is the Sine of the Difference of the Angles, 
A, B, and FD or GP : GB : : S. diff. : S. vert. 
Angle. 

PROP. 5x 

3. As Radius : 

To Sum of the Cotan. half the Angles at the Bafe : : 
So the Perpendicular : 
To Sum of the three Sides. 

Put FR=p, Radius =r f then bj Prop* IV. Tin. 
i A : r : : r : Got. i A : : p : A F+A R 
and r:Cot. iB ::j>:BF+Bft 

whence A F+B F+A Ba **** *****- 

r 

PROP. 



Sod.L ^TRIGONOMETRY. 101 

PROP. XII.- 

h a right angled Triangle A C B, FIG. 

As Radius : 10. 

Sine of double one acute Angle, AorB :: 
Square of the Hypotbenufe : 
Four times the Area. 

Draw C D-i-A B, and biffed the Hyp. A B in E, 
and draw E C, then A E=E C==E B, becaofe A C B 
may be infcrib'd in a Semi-circle; then by fimilar 

Triangles, AB : BC ; ; AC : CD = AC +*, C , Al- 
e AB 

fo Z.C ED =s /LB + BCE= zB, and CEB=aA. 

Therefore by Prop. lit as Rad : C E or i A B : : S.E 

:CD» or Rad:SLE::iAB : A 9y B ; : jAB* 
j ACx£B. or the ^^ of the Triangle# 

PROP. XIII. 

As Radius : 

5* Sine of any Angle af a Triangle, A : : 

A 17 V A H 3* 

So half the Reff. of the including Sides, Ar * A ": 
7* /£* ifr«i of the Triangle. * 

For the Area of the Triangle A F B is f A BxFH ; 
but Rad : AF : : S.A : F H = A F * * A therefore 

AFxABxS.A 
the Area a »- - 2 ^ 

P R Q P. XIV. 

urfr C*/: *&# — Cof. Sumoftbe Angles at the Baft : 
Sine of the vertical Angle : : 9* 

So the Square of the Perpendicular : 
To the Area of the Triangle : : 

H j And 
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FIG. And Jo the Area of the Triangle : , 
o. To the Square of half the Bafe. 

For by Prop. X. Cof. B^A— Cof. B+X : S.D : : 
DP : GB : : DP : GBxD P, the Area : : GBxDP 
;GB\ 

P R O P. XV. 

g. In any Triangle^ 

As Radius : 

Tan. half the vertical Angle : : 
Re8. of half the Perimeter, and that half — Bafe : 
To the Area of the Triangle. 

For, let j=S.AFB -, c, /, r the Cofine, Tangent, 
and Cotangent of half AFB, w=AF, »=FB, AB 

=», z= m +*+*. Then by Prop. XIII. ^2i = 

Area, but by Sch. Prop. II. B.I. j= iff = £££-* 

J • r rr 

therefore mncct = Area.' And by Cor. HI. Pr. VII. 



7 , r XXz — b 

m nectzz x z — b, therefore /= Area. 

' r 

Cor. As Radius : 
Cotan. half the vertical Angle : : 
So Reft. Bafe +diff. Sides, and Bafe — diff. Sides: 
Four Times trie Area of the Triangle. 

For if a=S. i Angle F, then by Sch. Pr. II. B. I. 

j=^=*5£; and -the Area = ™ J =™£j. 
t rr 2r r* 

But by Cor. 3. Prop. VII. mna %t =.z — mxz^nx rr = 
*+»--* tj^-n therefore the Area =>h2=2 

2 2 i 

b+m — n 

" 2r " • ■ ' 

PRO P. 
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fig. 

PROP. XVL 

If three Lines be drawn from the three Angles of a 9. 
Triangle to any Point O, tbeproduft of the Sines of all 
the alternate Angles will be equal. 

Let the Sines of the Angles be as in the Figure, * 
then in the Triangle 

POI, a : f : : IO : PO 1 

IOH, ■ e : d : : HO : IO [ thefe multiply^ 
HOP, c : b : : PO : HO J 

aec :fdb : : IOxHOxPO : POxIOxHO. 

but the two Jaft Terms are equal, and therefore the 
two firft, aeczzfdb. 

Cor. 1. If two Angles, P, H, are biffedted, by the 
Lines P O, HO; then the third Angle I will alfobe 
biffe&ed.. For fince ace~bdf and a~b> and cz=d, 
or ac=.bd) therefore e=f; and the contrary. 

Cor. z. Hence alfo three Perpendiculars erefted on 
the middle of the three Sides of a Triangle, interfeft 
in one Point. And the contrary. 

For if two Perpendiculars be ere&ed on two Sides 
PH, IH, then will b=c y and d=e, whence azzf 
therefore the Perpendicular (lands on the Middle of 
PI. 

SCHOLIUM. 

If the Point O, be taken out of the Triangle, this 
Prop, will hold equally true. 

PROP. XVII. 

If four right lines be drawn from the four Angles of , 2 , 
a trapezium, to any Point in it asO\ the Produfts of 
the Sines of the alternate Angles, mil be equal to each 
ether. 
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In the Triangle 






12. 


SPO. a 


b :: 


SO : 


PO 




POH,£ 


i 


PO : 


HO 




HOI, i 


d :: 


HO : 


IO 




IOS, g 


/ ■■ 


IO : 


SO 



their Frotludt 

aceg : bbdf : : SO.PO.HaiO : PO.HO.IO.SO. 

therefore 

aceg=bbdf. 

Cor. i. After the fame Manner, if Lines be drawn 
from all the Angles of any Polligon whatever to a 
Point-, the Produfts of the Sines of the alternate 
Angles will be equal. 

Cor. 2. In any Trapezium, let a, b t c, d 6?f. be the 
Sines of the Angles, as in the Figure ; then 
As bbd+ace ; 

bbd — ace: 
Tan. half the Sum of the Angles, *SH+SIP. 

2 

Tan. half the Difference ISH " S *P, 

2 

For fince a eeg=bbdf t therefore are : bbd : :f'-g 
: : S O : I O, and by Compofirion and Divifion, bbd 
+ace : bbd— ace : : IO+SO : IO— SO : : (by Prop. 
YI.) Tan. ISO+SIO : Tan. ^O^SIO 



SECT. 
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SECT. II f 

7lbe Solution of all the Cafes of plain Triangles. 



From the foregoing Propositions, all the Cafes of 
plai n Triangles may be refolved. Every Triangle has 
6 Parts, 3 Sides and 3 Angles ♦, and any three Things 
being given (except the 3 Angles) the other 3 may be 
found i but if only 3 Angles are given, there may 
be found an infinite Number of Triwglea, that will 
have thefe three Angles. I fhall here give the Solu- 
tion of right Angled-triangles 3 different ways, viz. 
arithmetically, logarithmically, and algebraically: 
and that of oblique Triangles, logarithmically and 
algebraically. For it is needlefs to fpend time in 
folving thefe arithmitically; fioce any oblique Angkd- 
triangle is divided into two right ones by a Perpendi- 
cular, and then they are refolved by the Cafes of right 
Angled-triangles ; this Method is true to 3 or 4 places 
of Figures, and is fufikient iti common Cafes. I 
havs alfo omitted their Solution by Fioje&ion and 
inftrumentally, as being only Approximations to the 
Truth ; and they are befides fo eafiy in themfelves, 
to any body that can but handle a Pair of Compares, 
as to need no particular Explication. I (hall only ob- 
ferve in general, with Regard to Gunter's Scale, fcfa 
That any fimple Proportion may be wrought on it 
by this general Rule. 

Extend the Compaffes from the firft Term to one 
of the Means, on its proper Line 5 that extent, fet the 
fame way, upon its proper Line, will reach from the 
■ other Mean to the fourthTerm required; where Radius 
is the Sine of 90% or Tan. 45 . If, in extending upon 
the Tangents, the Compaffes reach beyond the End ; 
ife it ft far back as it reaches over. 
4 ; . ' Now 
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Now according to the different Variety of things 
given and fought, the Solution of Triangles is divided 
into feveral Cafes as follows ; in which I have only 
put the eafieft Solutions. They that require more may 
confult the Propofitions, from whence they are de- 
rived. I have added no numerical Examples, becaufe 
any body can add and fubtradt, according to this Rule- 

Add the Logarithms of the fecond and the third 
Terms together, from which fubtraft the Logarithm 
of the firft Term, and the remainder is the Logarithm 
of the fourth Term fought, where Radius is 10. 

But in algebraic Solutions you muft ufe natural 
Sines, Tangents fcfr. and they muft bea&ually mul- 
tiply *d, and divided, and here Radius is i. 

Note, In right Angled-triangles if one acute Angle 
is given, the other is found by fubtrading this from 
90. 

And in oblique Triangles, if 2 Angles be given, 
the third is found by fubtrafting their Sum from 180. 
or fubtrafting one from 180 gives the Sum of the 
other two. 

In folving any of the Cafes, it will be proper for 
diftin&ion's fake to mark what is given with a Dafh 
( /), and what is fought with a Cypher Co). 
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Bight angled plain Triangles. 
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CASE I. 

An Angle C and the Hypothenufe BC, being FIG. 
given s to find a Side, B A. *4* 

I. Arithmetically without Tables. 
Let D= Degrees in the leffer Angle ; then 

SM+JV_ :i: . Hyp. BC : leffer Side C A. 
or i : i— ii52:: Hyp. BC: greater Side BA. 

I IOOOO 

IL Logarithmically, by the Table of artificial Sines Es?f. 
Rad : Hyp. B C : : S. an Angle C : op. Side B A. 

III. Algebraically, by the Table of nat. Sines &c. 
Let Hyp. BCafr, nat. Sine of C=j, Rad=i. then 
i : b : : s : sb~BA. 

H« ip» 1 ' * j ^ | 1 i n " ■ i min i mmmmmmmm^mmtmmmmtrmmmmmmmmmmtm 

CASE II. 

Given an Angle @ or C, and a Leg ; to find the , - 
Hypothenufe, BC. 

I. Arithmetically. 
Let D= Degrees in the leffer Angle, then 

I : 57^3 + j5L : : : leffer Side AC : Hyp.BC. 
or i— . I ^ DD : x : : greater Leg B A : Hyp. BC 

IOOOO 

II. Logarithmically. 
S. Angle B ; oppofite Side C A : : Rad : Hyp. BC. 

III. Alg* 
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FIG. III. Algebraically. 

* 4 * LetJ=S.B, />=AC, then ?= Hyp. BC. 

CASE in. 

X a Given an Angle, and a Leg C A ; to find the 

other Leg, B A. 

I. Arithmetically. 

Find the Hyp. BC, by Cafe IL then v'BC*— CA* 

= B A. 

II. Logarithmically. 

Rad : one Leg CA : ; Tan. Angle C : op. Side B A. 

III. Algebraically. 
Let S.C=j. S.B=r, Tan. C=*. C A=p % then 

/>/=BA, or££ = BA. 

' C A S E IV. • 

Gfrar the Hyp. »€, and" a Leg "CAy to * find an 
* Afcgle B, or C. 

1. Arithmetically. 

i Find the other Leg, B A, by Cafe V. then 

As Hyp. B C+ I the longer Leg B A : fhorter Leg 
CA : : 86 : op. Angle B, and B taken from 90 gives C. 

• IL Logfirithmicalty. 

As Hyp. B C : Rad : : given Leg C A : S. op. An- 
gjc B f apd & tt*ken, from 9a gjve& C. 

III. Algebraically. 
Ut Hyp, B C=^, U&G A&&Jbcn | :*&*, **d 
^ jjCn-t B«C. CASE 
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CASE V. v FIG 

Grren the <Hy pachcnufe BC, and a Leg C A, to 14. 
find the other Leg B A. 

I. Arithmetically. 

II. Logarithmically. , 

Take the Sum and Difference of tbeHyp< BC, 
and given Leg A C, add their Logarithms together *, 
half the Sum is the Logarithm of the Side required, 
AB. 

IIL AlgcfccaicaDy. 

Let BC=£, C A=j> , then </bb —pp=BA^ 

Or let BC+AC=s, BC— AC=</, then V^z=BA, % 

C A S E VI. 
The Legs A B, A C, being given to find an Angle, B. 14. 

I. Arithmetically. 
Find the Hyp. BC by Cafe VII. then as" Hyp. BC 
+ half the longer Leg, B A : lefler L*gC A : : 86 : 
Angle op. B. 

II. Logarithmically. 
As one Leg AB: Rad : : other Leg AC : Tan. B, 
the op. Angle. 

III. Algebraically. 
Let AB=£, AC==p, then ? = Tan. B or -=!= 



b */bb+pp 

= S.B. 

CASE 
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FIG. 

14. 

case vn. 

The Legs A B, A C being given s to find the Hy- 
pothenufe B C. 

I. Arithmetically. 
VAff+AC'sBC. 

II. Logarithmically. 

Find the Angle B by Cafe VI. and then the Hyp. 
BC by Cafe II. 

III. Algebraic ally. 

Let A B=*, AC=J>, then ^ii+fp= B C. 



OMiqm 
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FIG. 

Oblique plain triangles. 



CASE I. 

Given two Angles A ? B, and an oppofite Side, FBj l 5* 
to find the other oppofite Side A F. *6. 

I. Logarithmically. 
S.one Angle A : op. Side F B : : S.the * other 
Angle B : to its oppofite Side A F. 

II. Algebraically. 
Let *=S.A, j=$.B, F B=i then — — AF. 



i7< 



CASE II. 

Two Sides A F, FB, and an oppofite Angle B 15. 
being given ; to find the other oppofite Angle A. 16. 

I. Logarithmically. 

One Side AF : S.its op. Angle B : : other Side 
FB : S. of its op. Angle A. 

If the given Angle B is obtufe, or if its oppofite 
Side A F be greater than the other Side B F, then 
Angle A fought is acute ; otherwife 'tis doubtful: 
And the Sum of A and B taken from 180 gives F. 

II. Algebraically. 

Let j=S.B, A F~c> F B;=i, then — = S.A. 

c 



CASE 
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SCHOLIUM. 

In the Solutions of Plane Triangles there are three 
Cafes,' where the Thing fought requires two Operati- 
ons, i. When two Legs of a right angled Triangle 
are given to find the Hypochenufe, i. When two 
Sides and the included Angle, in an oblique Triangle, 
are given, to find the third Side, 3. When two Sides 
and an Angle opposite are given, in an oblique Tri- 
. angle, to find the third Side. 
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BOOK III. 

The DoSirine of the Sphere and fiber ical Tri- 
gonometry. 



*MM^MkMMtaMrtNMiMMiM<^a 



DEFINITIONS. 

i. QiPberical Trigonometry > teaches the Properties oF 
^j fpherical Triangles, and how to calculate their 
Sides and Angles. 

2. A Grcle of the Sphere is that which is made by a 
Plane cutting the Surface of the Sphere. If the Plane 
pafs thro 1 the Center, 'tis a great Circle : If not, it is ' 
a leffer Circle, 

3. The Pole of a Circle is a Point on the Surface of 
the Sphere equidiftant from every Point otthe Cirdk. 
Every Circle has two Poles, diametrically oppofite to 
each other. 

4. A fpherical Angle is the Inclination of two Cir- 
cles of the Sphere to one another, interfering in a 
Point call'd the angular Point. 

5. A right Angle is 90 Degrees > an acute Angle is 
lefs, and an obtufe Angle greater than a right one. 

6. A fpherical Triangle is made upon the Surface of 
the Sphcre 9 by the Ioterfe&ion of three great Circles. 
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If one Angle be right, 'tis called a right angled fphe- 
rical Triangle. If one Side be a Quadrant 'tis called 
a quadrantal Triangle. If no- Angle or Side be 90% 
'tis an oblique Triangle. 

7. In a right angled Triangle, the Side oppofite to 
the right Angle is called the Hypotbenufe; the other 
two are called Legs or Sides. 

8. In a right angled or quadrantal Triangle, the 
five circular Parts (fetting afide the right Angle or 
quadrantal Side) are, the two Parts adjoining on each 
Side the right Angle or quadrantal Side, and the 
Complements of the three Parts which are fur theft 
ctiftant from it. The middle Part fs that which is c 
quidiftant from other two ; which two if they adjoin 
to the middle Part are called extreams conjunct -, and 
if they be remote from it, are called extreams disjunB. 

9. Sides and Angles are faid to be of the fame -djfet- 
ticn, when both are greater, or both leffer, or both 
equal to 90 . And they are of different Jffeffion, if 
one is greater and another lefs than 90 . 

10. Like or fimihr Arches of different Circles aw 
thoie that contain the fame Number of Degrees. 



SECT. 
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S E C T. I. 

1 

The Properties of fpherical Angles and Arches. 

PR'OP. I. 
fbe-Se&ion of a Sphere and a Plane is a Circle. 

Let B I C be the Sedtion, and let the Plane of 
the great Circle A B C D be drawn thro* the Center FIG. 
E of the Sphere, perpendicular to the Plane BIC, 19. 
and let B HC be their common Interfe&ion. Draw 
E H perpendicular to B C, then B H=H C. Take 
any Point I in it, and draw HI, I C ; and alfo BE, 
CE. Since E H is perpendicular to B C, and in the 
perpendicular Plane A'BCD, therefore 'tis perpendi- 
cular to the Plane BIC, and therefore to H L But 
BE, CE, I Eare equal Radii of the Sphere; there- 
fore in the right angled Triangles B E H, IEH; 
BH*+HE* = BE*-IE* = HI*4-HE*, therefore 
B H*=H I*, and B H=H I, therefore B I C is a Cir- 
cle whofe Center is H. 1 

Cor. 1 . If a great Circle A B C D be perpendicular 
to any other Circle B I C it paffes thro' its Poles. 

For fince it is prov'd that H is the Center of ther 
Circle BIC, and EH perpendicular to it, produce 
EH to P which will be in the Plane of the Circle ABD, 
becaufe E H is in it. Draw the great Circle P I, then **' 
fince the Sines B H, H I, H C are equal, therefore 
the Arches belonging to them BP, I P, C P are equal* 
therefore P is the Pole. And if P E was produced to 
the other Pole, t'iat Pole will alfo be in the Plane of 
the Circle ABC. 

Cor. 2. If a great Circle ABC pafles throithe 
Pole P of another Circle, it cuts it at right Angles and 
into two equal Parts. 

: I 3 For 
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FIG, For draw P E to cut the Circle in H, then is H 
jg f the Center, and PH perpendicular to its Plane, and 
confequently EH and the Plane ABCD are perpendi- 
cular to it. And fince the Center H is in BQthe 
common Interferon of the Planes -, therefore B I C is 
a Semicircle, 

PROP. II. 

20. ^ S rea * Circle^ of the Sphere cut me another into 
two equal Parts. 

For the common Se&iori of their Planes is the Dia- 
meter of the Sphere, and confequently their Segments 
are Semicircles. 

Cor. i. Any Side of a fpherical Triangle is lefs than 
a Semicircle. 

For fince ADC or ABC is a Semicircle, therefore 
in the Triangle ADB, AD or A B is lefs than a Se- 
micircle. 

Car. 2. If two Sides of a fpherical Triangle A B D 
be produced, till they interfeft in C, each will become 
a Semicircle. 



a*. 



PROP. III. 

If one or more Circles inter feSt another Circle in tme 
and the fame Point C ; the Sum of the Angles ACE, 
ECPw equal to two right Angles. 

Let the Arch EC interfcft A D in C, and draw 
CB perpendicular to AD; then ACB+BCD= two 
right Angles, but ACE+EC B=A C B, and ECD 
— ECB=BCD, therefore ACE+EC D= A CB 
+B C P an two right Angles. 

Cor. i. All the Angles made about one Point are 
3= four right Angles. 

Cor. 2. When one Circle croffes another, the ver- 
tical Angles <*, <•, are equals 

"For 
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For *+£= two right Angles, and b-\-c-=z two right FIG. 
Angles, therefore a+b=b-\-c a»d a=c. 

- PROP. IV.. 

A fpherical Angle made by two great Circles is ntea- 22. 
Jur'd by the Arch of a great Circle intercepted between* 
the Sides, and defcribedat a Quadrant's diftance from 
the Angular Point. \ . 

.- Let A3= A 0=^90% and draw the Arch BD, 
and from the Center E draw BE, DE; alfo draw 
the Tangents A T, AS, to the Arches A B, AD ; 
then the Z.TA S= fpherical Angle BAD, and 
A E B, A E D will be two right Angles, but T A E, 
S A E are right Angles ; therefore T A, S A are |f to 
BE, DE, and Z. TAS=z BED. But the Arch BD is 
the Meafure of the Angle BED or TAS, and therefore 
of the fpherical Angle BAD. 

Cor. 1. The Angles BAD, BCD, made at op- 
polite Points of the Semicircle are equal. For the Z. 
B E D or Arch B D is the Meafure of both. 

Cor. 2. The Diftance of the Poles of two Cir- 
\ cles is equal to the Angle of their Inclination. 

For fincc AE is J- to the Plane BD E, this Plane 
is -L to both the Planes ABC, ADC; therefore the 
Poles are in the Circle B D, as fuppoie at J*, Q. 
Then B P=;9o°=D Q^ and fubtrafting D P from 
both, then B D=P Q. 

Cor. 3. Two great Circles ABC, ADC palling 
thro* the Poles of another great Circle B D, will cut 
all the Parallels to B D, as b d> into flmilar Arches. 

For AC is -^ to bed, and e the Center of bd 9 there- 
therefore Z. B E D~bed> or the Arch b d fimilar to 
BD. 

* Cor. 4- Hence an Angle made by two great Circles ' 

of the Sphere, is equal to the Angle of Inclination 
of the Planes of thefe great Circles. For ABED 
or $*<£= Z- T A S or B A D. 

I 4 Cor. 



j*o . The ELEMENTS Bodklli 

FIG. Cor. 5. Hence alio if b d be a Parallel to the great 

22. Circle B D P; it is as Radius : Cofmeof the Parallel's 
diftanqp from its great Circle : : fo any Arch of the 
great Circle : to a fimilar Arch of the Parallel. 

ForBE:BD:: be: bd. 

PR OP. V. 

23. If any two Circles A E B, A F B, initrfiti em an* 
other on the Sphere^ tbey make the oppoftte Angles A and 
B equal, and the oppoftte Parts AFE/BFE Jhnilar. 

Let A B be the commdn Seftion of their Planes % 
and in the Planes of their refpe&ive Circles, draw the 
Tangents AC, BC to the Circle A FB -, and A D, 
B D to the Circle AEB, and join C D* Then irt 
the Triangles A C D, B C D, A C=B C, being Tan* 
gents to the fame Circle and for the fame Reafon A D 
=B D, and C D is common ; therefore the Triangles 
are equal, and fimilar, and the 2L C A D=C B D, and 
therefore the Spherical Angles A and B equal to them, 
are alfb equal to one another. 

Likewise the oppofite Partsof the Figure A FBE A, 
are flmtlar, being bounded by Parts of the fame Circles, 
having the fame Pofition. 

Co?. Hence any two like Arches O I, S V, drawa 
after a like manner, will be equal. That is if AO= 
B sAnd AI=B V, or Z- A O I=r Z. B S V, then 
O \-SV. For then the Triangles A O I, and B S V 
are fimilaf and equal. 

SCHOLIUM. 

Tho* the oppofite Parts of the Figure AFE and 
B FE are faid ta be fimilar ; yet if the Angle A be 
apply T d to B, the Triangles AFE, B F E will not 
coincide, . Or if the Bafe FE of one be laid upon the 
Safe E F pf the other, the triangular Figures A F E, 
B FE will lye contrary w^ys, Qjie to the right, the 
Qther to tfie left hand, 

PROP« 
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PROP. VI. FIG - 

If two great Circles HO,HR have the fame Inclina- 24. 
tm to a third EQj the Arches of all the Parallels (AP) 
to the third,, intercepted by the other rtw, will befmilar 
Arches* 

. Let the gre^t Circle EC, cut the Circles H O, HR at 
equal Angles in E, and Q. Thro* the Poles of E C 
draw the great Circles P B, A C. Then in the Tri- 
angles PE B, AjQC, Z.E =Z. Q^ and the Angles 
at B and C are right, and PB:nA C : therefore if the 
Angle E'be laid upon the Angle Q, then will Pfall 
^me where in the Arch P A (becaufe P B=A C)j 
aad ibmewhere in the Arch QH (becaufe Z-E=Z-Q)> 
therefore P falls upon A, their Point of Interfc&ion * 
and confeqoently B upon C (otherwife A would be the 
the Pole of C QJ ; therefore B E= CQ, and P E= 
A Q, therefore E Q=BC ; but B C is fimilar to AP 
(by Con 3. Prop. IV), therefore E Q^and A P arc 
fimilar. 

. Cor* The fame Things fuppofed, the Arches of 
the two inclined great Circles intercepted between any 
two Parallels to the third, are equal, PE=AQ. 

PROP. VII. 

If a Plane E P Q^ be fuppofed to be drawn perpendi- 2 - 
cular to the Planes of two equal Circles HO, EQ ; and 
any other Plane PDKN^ drawn thro 9 the two Poles, 
P, N, which are equidiftant from their rcjpe&ive Circles* 
and to revolve about P N : 'Then thefe Planes will inter- 
cept equal Arches of thefe Circles* D O, K Q^ 

For let N be the Pole of HO, and P ofEQ^and 
N Or:P Q, then by Cor. Prop. y. Z.N O H or NOD 
=PdE orPQK; and Z_ P, O D=N QJC, and 
N Qf=PO, and by Prop. V. Z.N=P. Therefore the 
Triangles P Q D and N QK are fimilar and equal, 

and 
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FIG. and therefore Arch D 0=K Q^ And likewife Arch 
HD=EK. 

PROP. VIII. 

Of fever d Arches of great Circles drawn from the 
fame Point A to any other Circle C E D ; tjbe greateft 
26. AD is that which pajfes thro 9 the Pole P, and the near- 
er to this as A B is greater than that which is further 
off as A E. And the leaft is AC the remainder of that 

which pajfes thro 9 the Pole. 

-•«•'■ 

, Let A S be perpendicular to the Plane of the Cir- 
cle CED, O its Center, C SOD its Diameter. Dra# 
the right Lines SB, SE, AD, AB,AE, AC. Then you 
have the right angled plane Triangles A S D, A S B, 
A S E, A S C, wherein the Perpendicular AS i* cbm- % 
mon. But (Eucl. HI. 7.) the Bafe SD paffing thro* 
the Center is. the greateft, and S B greater than S E, 
and S E greater than S C which is the leaft. > 

Therefore the Hypothenufe A D is the greateft, 
AC the Jeaft, and A B greater than A E But thcfe 
are the Cords of Arches, and to greater Cords belong 
greater Arches, confequently the Arch AD is the 
greateft, Arch AB (nearer to 'A D) is greater than 
Arch A E (farther from it) 5 and Arch A C the leaft 
of all. 

Cor. 1. If two Sides in two fpherical Triangles 
A P E, A P B, be refpedively equal; that which hath 
/• the greater included Angle hath the greater Bafe, and 
the contrary. 

For about the Pole P, at the Diftance P E or P B 
(the greater^ in the two Triangles), defcribe the 
Circle E B D, and from A thro* P draw the great 
Circle APD. Then by this Prop, if B D be lefs than 
ED, or Z. APB greater than APE ; then is AB greater 
than A E. 

. And if AB be greater than AE,then' AB is nearer 

to D than AE, Z. APB greater than APE. 

• Cor. 2. The Perpendicular let fall on the Bafe of a 

fpherical Triangle, is either greater than cither Side, 

or Ms than .either Side. Fo* 
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For it paffcs thro* the Pole of the Bafe, and is there- FIG, 
fore either the longed or (horteft Line drawn from the • 
Vertex of the Triangle. 

Cor. 3. And therefore' when the Perpendicular falls 
without the Triangle, either the greater or leffer Per- 
pendicular may be efteem'd the Perpendicular upon 
the Bafe. 

Cor. 4. Hence if the Perpendicular fall without, 28. 
as in the Triangle B A E, the greater Perpendicular 
A D lyes next the greatcft Side A B ; and the lead 
Perpendicular A C next the leaf^ Side A E. 

But when the Perpendicular falls within ; if it is 
lefs than a Quadrantas AC (in the Triangle A E F), 
then it lyes nearer the leffer Side A E, and the Seg- 
ment C E is lefs than C F, and Z.CAE lefs than 
C A F. But if it is greater than a Quadrant, as A D 
(in the Triangle A B G), then it lyes neareft the great- 
ter Side A G, and then it makes the leffer Segment 
of the Bafe (D G), and leffer vertical Angle (D A G) % 
next the greater $ide A G. And the greater ones 
next the leffer Side A B. 

Cor. 5. The Perpendicular falling within, or the 
neareft Perpendicular falling without, is of the fame 
Affeftion, as half the Sum of the Sides. 

For in the Triangle E A F, AC is lels than a 
Quadrant, and fince AF<!A G, therefore A E -|-A F 

<EG or 180, and AE + AF <; 9 o, But in the 

2 

Triangle G A B, A D is > a Quadrant ; and fince 

AG>AF, therefore B A+A G > B For 180, 

A BA4-AG^ 
and ^ m ;> 90. 

2 ^ 

Again in the Triangle BAE, where the Perpen- 
dicular A C is lefs than a Quadrant, and C E <C F * 
then by this Prop. AE<AF, and A E-f-A B<: 

B F or i 8o Q , and A] H A ? < 90. But in the Tri- 

2 

angle G A F, where the Perpendicular A D (greater 

than 
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FIG. than a Quadrant) is neareft, or D B :> D G, or C F 

*8. > C E, then A F :> A E, and A F+ A G > G E or 

i8o.and AF+AG > 9 o. 
2 

Cor. 6. Hence when the Perpendicular falls within, 
or you take the neareft Perpendicular falling without ; 
then if half the Sum of the Sides be lefs than a Qua- 
drant, the leffer Segment, and leffer vertical Angle 
adjoins to the leffer Side ; but if half the Sum of the 
Sides be greater than a Quadrant ) the leffer Seg- 
ment and .leffer vertical Angle adjoins to the greater 
Side. 



SECT. 
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SECT. II. 

The Affe&iom of fpberical Triangles^ 



PROP. IX. 



FIG. 



Every Triangle ABC bath (by producing its Sides) 29. 
another Triangle a be, on the oppofite Side of the Globe , 
fimilar and equal to it. 

For the Point a is oppofite to A, or a Semicircle 
diftant from it; and b is oppofite to B, and*: to C. 
Therefore ab=AB 9 bc=BC, and, ac=AC. Like- 
wife by Cor. 1. Prop. IV. Z-*=Z- A, £=B, and 
c=C-> therefore the Triangle abc is equal and fimi- 
lar to ABC. 

Cor. I. Hence any Triangle ABC, by producing 
its Sides, hath oppofite to every Angle thereof, an- 
other Triangle of the fame Bafe and oppofite Anglo 
with the former \ and the other Parts the Supplements 
thereof. 

Thus in the Triangle B c a, Z.B=Z-ABC, ac— 
AC, tfBasSup. AB, <rB=Sup. CB, Z-caB=Sup. 
C a B or A, and Z- a c B=Sup. C. 

Cor, 2. Any Triangle ABC, has adjoining to 
every Side thereof another Triangle having the fame 
Side and oppofite Angle, and the other Parts the Sup- 
plements thereof. 

Thus in the Triangle A B c 3 A B and Z. c is the 
fame with A B and Z. C 5 Br, A c are the Supple- 
ments of B C, A C ; Z. c B A=Sup. C B A, and 
Z_ c A B=Sup. CAB, Likewife there is the Tri- 
angle *BC adjoining to C B j and the Triangle AbC 
adjoining to A C. 

SCHO- 
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FIG. 



2 9 



SCHOLIUM. 

Tho* the Triangles ABC, a b c are faid in this Prop, 
to be fimilar ; yet they will not coincide when ap- 
ply'd to one another. . For laying any Angle a upon 
its equal A, fo that the Concavities of the Triangles 
lye the fame way,j the Side a c will fall on A B, and 
ab on AC. 

PROP. X, 

go. If from the three jingles of any fpherical Triangle 
ABC, as Poles, you defcribe three great Circles* they, 
will form another fpberical Triangle DEFiy their In- 
feSions ; each Side and Angle whereof will be the Sup* 
flements of the Angle and Side oppq/tte, in the given 
Triangle. f 

a 



Produce the Sides as in the Fig. then fince B k 
or B F is a Quadrant, and Ag or A F is a Quadrant, 
therefore F is the Pole of A B •, and likewife E the 
Pole of AC, and D the Pole of CB. then DQ=sa 
Quadrant=ER, and DE=QR=Sup. Z C. 

Alfo E^=90°=F^=:T^. and TE=p£, therefore 
FE=Sup. E T orpg that is of the Z C A B. Like- 
wife D T=/t r or Z. B, and D F=Sup. Z. B. . 

Alfo r Bzzzgo°=Ap, and r B-fA/> or rp-\~A B= 
180 , and rp or the Z F=i8o— A B=Sup. A 6. 

And thus A£=C R, and A C=£ R, and Sup. g R 
=Sup. A C, that is /L E=Sup. A C. 

Laftly CQ==90°=tB£, and CQ-fB£or*Q+ 
CB=i8o, and*Q=:i8o— CB, that is Z. D=Sup. 
CB. 

Cor. 1. Some three Poles of the Sides of any 
Triangle, form another Triangle, wherein the Angles 
and Sides are refpe&ively equal to the Supplements of 
the Sides and Angles of the other-, and thefe two 
Triangles are mutually fupplemental to each other. 

For D, E, F are the Poles of the Sides of the Tri- 
angle 
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angle A B C, as well as A, B, C arc the Poles of the FIG. 
Sides of DEF. 30. 

Car. 2. The neareft Poles D, E, T of the Sides of x 
any fpherical Triangle ABC, form another Triangle, 
wherein the Angles and Sides . are refpe&ively equal 
to the Sides and Angles of the given one : Excepting: 
only the. Supplements of one Side and its oppofite 
Angle in the former, will be the correfpondent Angle . 
and Side in the latter. - 

For in the Triangles D F E, D T E, D E is com- 
mon, and Z. F= Z- T ; and all the Reft are the Sup- 
plements. There are other five, or in all fix fuch 
Triangles, and all adjoining to the Angles and Sides of 
the Triangle DEF, by Cor. 1, 2, Prop. IX. but 
there is only one fupplemental Triangle D E F to the 
Triangle ABC. 

SCHOLIUM. 

By this Prop, quadrantal Triangles may be reduced 
to right angled ones. 

P R O P. XI. 

In two Triangles j if three Sides in one be refpeftivefy 
equal to three Sides in the other * or the three Angles in 
the one \ to the three jingles in the other \ Tbefe Triangles 
will be equal in aU refpefts. 

Cafe 1. If three Sides be equal ; and if the Bafe of 
one Triangle be laid on the Bafe of the other, the two 
other Sides muft coincide; becaufe there can be but one 
Point from whence two given Arches can be drawn 
to the two Angles at the Bafe. 

Cafe 2. If three Angles are equal, then by Cor. 1. 
Prop. IX. the Sides of two Triangles form'd by the 
Poles of both, will be the Supplements of the 
Angles of the former, and therefore refpeftively equal. 
Therefore by Cafe 1 the Angles of thefe fupplemental 
Triangles are equal, and thefe Angles are the Supple- 
ments of the Sides of the former* Triangles by£or. 1. 

? Prop. 
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FIG. Prep. X. therefore the Sides of the former Triangles 
are refpeftively equal. 

SCHOLIUM. 

This Demonftration fuppofes the equal Sides to lye 
the fame way ; but if they lye contrary ways, they 
cannot concide. Yet if you will fuppofe the Con- 
vexity of one of them to lie the contrary way, then 
they will coincide when laid upon one another. The 
fame may be apply'd to the following Prop. 

PROP. XII. 

If in two Triangles* there be two Sides and the includ- 
ed Angle ; or two Angles and the included Side, re- 
jpeftively equal ; the two Triangles will be equal in all 
refpeSs. For, 

i. If one fide in one Triangle be laid upon its 
Equal in the other Triangle ; then by reafon of the 
included Angle being equal in both, the other two 
Sides will coincide, and fo the whole Triangle. 

2. If the equal Side in one be laid upon that in the 
other, and the equal Angles upon one another, the 
whole Triangles will coincide, and will therefore be 
equal. 

PROP. XIII. 

The Sum of any two Sides of afpherical Triangle is 
greater than the third Side. 

j I# Let AB be the greateft Side; about the Pole B, 
thro C defcribe the Arch CD, which will be^to 
B D, alfo about the Pole A thro' D defcribe the 
Arch DE, which will alfo be -*- to A D. And fincc 
the two Circles CD, ED, can but touch in one point 
D, therefore at E, C there is a fpace EC between them. 
Whence, fince A E+C B=AD+D B or A B, there- 
fore AE+EC+CB or A C+C B is grcattcr than AB. 

Cor. 
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Cor. i. The Sum of the three Sides of any fpherical FI& 
Triangle D F E is lefs than a Circle* 30. 

For D £ is kfs than D T+ T E, and therrfoir DE 
+EF+FD is left than PDT+FET ortwoSemi* 
circles. 

Or. a* A great Circle is the neareft Diftancc of any 
two Points upoft a Sphere. For it is a Line of the 
kaft Curvature that can be drawn, or defefts kaft 
from a right Line* 

PROP. XIV* 
h toff Vtkngk tqttal Sides are oppq/fte to efrat Angles* * a ; 

1. Let AC=BC, ietCDbiffettthe Angle ACB, 
then in the Triangles A CD, C P B, there are two 
Sides and the included Angie at C refpedively equal 1 
therefore by Prop XII, the /L A=aZ.B. 

*. If ZJfcr* X.B, make A E=B E, then by Cafe u 
the Z-EAB = Z.B = Z.CAB by Suppofition* 
therefore E falls upon C, and A C is=B C 

Cor. t * An equilateral Triangle is atfo equt-angular, 
and the contrary* 

Cor. 2. In an Ifoceles Triangle, a Perpendicular let 
fid! on the Bale, tufie&s it and the vertical Aftglc : 
it contri. 

Suppofc the Convexity of the Triangle CDB 
to lye the contrary way ; then becaufe the Angles as 
D are equal ;if C D B be laid upon C D A, D B will 
fall upon DA; and becaufe C BsC A, and JL Asa 
Z-B v by this Prop.;, therefore the Point B will fall 
upon A ; and the Triangles will coincide, then wiji 
A D^D B, aad £>\ at C will be equal. 

Aggin, If AD^DB, or 4. ACD* <!BCD* 
then by Prop. XI J. the Angle* at 9 are equal, a 
CD-LAB. 



K PROF: 
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FIG. 

P R O P. XV. 

21. In any fpberical 'Triangle, thegreateft Side is ofpofed t» 
' * the greateft Angle ; and the Uajl to the leaft. > . 

■j 

•i. Let zLC>B, and make Z. BCD=B. then 
will C D=B D by Prop, XIV. but C D+A D or A B ' 
A C by Prop. XIII. For the fame Reafon if B ' 
A, thenAC>CB. • * 

2. Let A B > AC, then AngleC > B ; for if C 
be equal or lefs than B," then A B is equal or lefs than 
C A by Cafe I » which is contrary to the Suppofitioij. 

i 

% 

PROP. XVI. 

33- If one Side DA of a Triangle DAB be produced, 
and if the Sum of the other fides D B+B A be greater* 
equal, or lefs than a Semicircle \ the internal Angle at the 
Safe D, is accordingly greater ^ equal or lefs than the out' 
yard oppofite Angle BAC. 



For if D B+B A be > =or < than D C, then 
B A is > =or < than B C 5 and by Prop. XV. the 
AngleC or D is >= or < than BAC, itfpe&ively. 



: Cor. 1. In an Ifoceles Triangle,, as one of the 
equal Sides is greater, equal, or lefs than a Qua- 
drant; (he Angle at the Bale is' accordingly 
greater, equal, or lefs than a right Angle. 

Cor. 2. In an Ifoceles Triangle, either Side is of the 
fgme Affedtion as its oppofite or adjacent Angle. 

PROP. XVII. 

23 # In any fpberical Triangle^ if the fum of any two Side? 
be greater** equal y or left than a Semicircle 9 the Sum of 
the oppofite. Angles^ is accordingly greater 9 equal or lefs 
than two right Angles. 

For 
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. For by Prop. XVI, if DB+BA be greater, equal or FIG. 
lefs than DC, then AX> is greater, equal, or lefs than 33. 
BAC, and D+D A B greater equal, or . lefe than 
D A B+B A C or two right Angles. 

Cor. 1. In any Triangle half the Sum of any two 
Sides is of the fame Affedion as half the Sum of 
their oppofite Angles. 

Cor. 2, Hence it follows, that if in a Triangle 04J 
A C B, there be given two Sides AC, C B, and an 
oppofite Angle A ; and if CD be made=C B, then 
you will have two Triangles A C B, A C D contain- 
ing the Things given, and therefore the other op- 
pofite Angle may be either Bor ADC; and con- 
sequently in both of them the Sum of the Sides A C* 
B C ; or A C, D C ; are of the fame AffedHon (with 
refpedt to 180 ), as the Sum of the oppofite Angles 
A and B, or of A and ADC. Therefore whenever 
the Sum of the Angles A and B are of the fame Af- 
fedHon as the Sum of A and the Supplement of B, 
then tis doubtful whether the other Angle B is acute 
or obtufe, becaufe it may be either*. But when thefe 
are of different Affections, that value only of B (whe- 
ther acute or obtufe) muft be taken, which when, add- 
ed to A, their fum is of the fame AffedHon, as the Sum 
pf the oppofite Sides. 

Car. 3. And for the fame Reafon, when two An- „~ % 
gles A and B, and an oppofite fide C B are given : D * 
If . there be two Triangles A C B, D C B that contain 
the fame dataji will be doubtful whether the other op- 
pofite Side be AC or its Supplement CD (for CD=CE, 
the Angles A y D, E being equalj for it may be eitherof 
them. Therefore we muft always take that Value of 
A C which added to C B, their fum may be of the 
fame AffedHon (with refpedt to 1 80), as the Sum of 
the oppofite Angles. And it both fumsfv&.of-ACor its 
Supplement, added to A) be of the fame AffedHon ; 
then it is doubtful. Alfo if CI be-i-AB, it will be am- 
biguous whether A I or its Sup. EI=DI be the 

Ki Seg- 
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FIG. Segment of the Bate, and whether A C I or its S*p. 
35. EC I or D C I be the Angle at the Vertex. 

Nvft, the Cafes mentioned in the two laft Corol con- 
tain the fix ambiguous Cafes of oblique Trianglfcs. F6r 
when two Sides and an Angle oppofite are given » the 
Other three Things will have different Values,accordihg 
Is an Arch or its Supplement is taken for the other 
oppofite Angle. And if two Angles And in oppofite 
Side be given-, according as art Arch or its Supple- 
ment is taken Tor the other oppofite Side 1 thi Baft 
And its oppofite Angle frill have different Valoei. 

Cbr. 4. If in a right angled Triangle, there be given 
an Angle and its oppofite Side, there will be two Tri- 
artgies DBA; C B A that have the fame T>hta, and 
therefore thebther thrde Thingsare ddubtful. Whencd 
the Hypothentofe may bb either D B or its Sup. BO 
If D B be the Hybothenufe, thten the Bafe is D A 
and Z. oppofite DBA. If B C is the Hft>. theh 
A € is the Bafe and A B C the op. Angle, thefe three 
being the Sup. of the others. And thefe are called 
the three ambiguous Cafes in right angled Triangles \ 
when an Artgfe and its op. Leg is given, to find the 
reft. 

After the fame manner in a quadrantal Triangle* 
if a Side and the oppofite Angle be given ; the An- 
gle oppofite to the quadrantal Side may be either that 
Angle D A &, or its Supplement B A C. And there- 
fore the three things fought are ambiguous, and each 
of them may be either an Arch or its Supplement. 

PROP. XVIIL 

In amy Triangle ABC. tbefum of the three Angles is 
greater than two right Angles. 



3<>« 



Let F I> E be the fupplemental Triangle to A B C, by 
Prop. X. then by Cor. 1. Prop. XIII. D F+FE+ 
ED is lefs than a Circle 5 that is the Supplements of 
A,B, and C is < 2 fcmicircles^ or 180— A -J- 180— 



*f- 
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S-H89t-C <Z 3$o.fubtra£t 2 femicides, and then FIG. 
180— A— B— C<:padd A+B+C. then 180 < 30. 
A+P+P, or A+A+C> 180. 



G?f. ?. The fum of the three Angles of any Tri- 
angle js Jefs than fix right Angles. ~ For every An* 
gje m*tft bp jefs than % right Angle*, Qthcrwife it 
would be one continu d Arch. 

Qof. %. In any Triangle DAB, the external Angle 33 * 
B A C is lef$ than the Sum of the interior Qppofitc 
Anglft P and B, 

Cgr. 3. The Sprp of any two Angles i$ greater 
than tfc Supplement pf the third Angle. 

Cor. 4, The Sum of any two Angles-— the thinl 
(or apy Angle apd the Difference of the other two) is 
Jefs fhan two right Angles. 

For F D is Jefs than F E+E D, by Prop. XIII, that 3°- 
1$ l8Qr-8, is left than 180— A+180— C, that is 180 
4.A4-G— B i* lefs than 180+180, or A+C— B Ids 
than i8p. 

Cor % 5. In a right angled fpherical Triangle, the 
Sum of the oblique Angles is greater than one, and 
lefs than three right Angles. By this Prop, and 
Cor. 4* 

PROP. XIX. 

If the Angles at the Bafe of a fpherical Triangle, be 2$, 
of the fame Ajfetlion^ the perpendicular on the Bafe will * r 
faU within the Triangle % if of different Afeffion it 
falls without. 

§ 

In the Triangle GAB whofe Bafe is G B and its 
Pole P, Since the Perpendicular muft pafs thro* the 
Pole P, by Prop. 1. Cor 1. let it rntenedt the Bafe in 
D, C, then the Angles P G B and PB G are right, and 
therefore A G B and A B G are both obtufe, when 
the Perpendicular C D falls between them. Iikewife 
the Angles PFE, and P£ Fare both right \ therefore 
in the Triangle F A E the Angles F and E are both 

. K3 acute 
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FIG. acute, ^when A C falls within. But in the Triangle 
28. B A E the Perpendicular falls without, and the 
Z- ABE is acute and A E B obtufe. And the fame 
will hold for any other Triangle that can be drawn, 

36. Cor. If the two leaft Sides of a fpherieal Triangle, 
AC, B C be of the fame Affeftion •, the Perpendi- 
cular CD upon the other A B ? will fall within the 
Triangle. 

Let A B be the greateft Side, make B E=B C, and 
A F= A C, then by Con 2. Prop. XVI. the £. 
B E C is of the fame Affeftion as C B. and A F q 
of the fame Affe&ion, as AC; but AC, B Care 
of the fame Affe&ion, and therefore the Angles 
E F C, F E C. Therefore by this Prop, the Perpendi- 
cular CD falls within the Triangle EC F or ACB. 

If A B be lefs than AC, CB, but greater than 
their Supplements (they being of the fame Affeftion), 
the Perpendicular will fall within. For this and the 
adjoining Triangle (whofe common Bafe is A B) have 
;he fame Perpendicular, fee Cor. 2 Prop. IX. . 

SCHOLIUM 

Some other Properties of Perpendiculars may be 
feen in the corollaries to Prop. 8. 

P R O P. XX. 

37. In any right angled fpherieal Triangle, each of the 
oblique Angles is of the fame AffeSfjon as the oppofttefide. 

If the Angle at A be right, and A C lefs than a 
Quadrant, produce ACto D, that A D may be a 
Quadrant, and draw BD ; then P is the Pole of B A, 
and confequently ABD a right. Angle, and there- 
fore A B C is lefs than a right Angle. But if A E be 
greater than a Quadrant; then its oppofite Angle ABE 
is greater than the right Angle ABD. And if A I) 
t>e a Quadrant, the Angle A B D is a right Angle. 
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On the contrary, if A B D is a right Angle, tiep FIG/ 
D is the Pole of AB, and A D a Quadrant •, but if 37. 
A B C be lefs or A B E greater than a right Angle ; 
then the oppofite Side A C will be lefs, or A £ greater 
than the Quadrant AD.' 

PROP. XXI. 

In a right angled fpb&ical Triangle BAD,// the Legs gg. 
be of the fame ^ffe£lion % the Hypothenufe B A, will ke lefs 
than a Quadrant ; if of different dffc&ion, it mil h 
greater: Aid the contrary. 

Let D be the right Angle, and produce c DB, DA 
to C ; and make D P, DE Quadrants, then P is the 
Pole of D B, and £ of D A, and P B a Qyadran^ 
Then in the Triangle D B A, if D B, D A be lefs 
than a Quadrant, then B A will be lefs thati the Qua- 
drant B P, by Prop. VIII. And in the right angledf 
Triangle B A C, if B C, A C, be greater than a 
Quadrant ; then alfo B A is lefs than BP. 

But in the Triangle D B F, where D B is lefs and 
D F greater than a Quadrant ; as likewife in the Tri- 
angle BCF, .the Hypothenufe BF- will be greater 
than the Quadrant B P. by the fame Prop. VIII. 

On the contrary, if the PJypothenufe B A be lefs 
than a Quadrant BP, then DB, DA are both lefs ; orelfe 
Q B, C A both greater than a. Quadrant. But. in the / 
Triangle DBF orCBF, where the, Hypothenufe 
B F is greater than the Quadrant BP ; DB, D'F or 
elfe CB, CF are of different Affedtians; 

Cor. 1. As the two oblique Angles are of the fame 
or different Affeftion ; the Hypothenufe will be ac- 
cordingly leffer or greater than a Quadrant : et contra; 
by Prop. 20, andai. - 

Cor. 2. As the Hypothenufe and one Side (or its 
oppofite Angle) is of the fame or different Affe&ion ; 
the other Side (and its oppofite Angle,) will be lefs pr 
greater than a Quadrant. 

1 K4 Cor. 
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FIG. Cor. 3. As the Hypo then ufe is leffer or greater than 
3$. a Quadrant, each Leg will be fimilar or difiimiUr 
to its adjacent Angle : and the contrary, 

prop. xxn. 

39. If a Triangle CIA have one acute Angle* it alfo 
bath one Side lefs than Quadrtnt. 

Let A C I be the acute Angle, and in the Triangle 
C B A, let C be a right Angle » if either A fell be* 
tween P and C, or 5 between Q and C, the Prop* 
is manifeft *, for then either C A or C B is lefs than * 
Quadrant, Let therefore C B, C A be greater than 
Quadrants, then by Prop. 21. B A is lefs than a 
Quadrant, therefore in the acute angled Triangle 
A C I, A I is (till lefs than a Quadrant. 

Cor. If a Triangle have one Side greater than * 
Quadrant, it. alfo hath one obtufe Angle. 

For if a Triangle hath one Side greater than a Qua- 
drant, its fuppleroental Triangle (by Prop. X) hath 
ene acute Angle \ and therefore by this Prpp. it hath 
a Side alfo lefs than a Quadrant. And it fo, then (by 
Prop. X.) the former has an Angle greater than * 
right Angle, 

PROP, XXIII. 

\Jf a ThangU bas two Si<ks Ufs than Quadrants, it 
l*$ alfo m acute Angk. 

30, For in the Triangle DBA, if BD, DA be left 

than Quadrants, the Sum of the oppofite Angles is 
Jefe than 3 right Angles* by Prop. aVH, therefore 
at kaft one of the Angles is k(s than a right Angle. 

Cor. If a Triangle A C B has two t>btufe Angfcs, 
it has alfo one Side greater than a Quad rant. 

For by Prop. XVII. If two Angles be greater 
than two right Angles, thtti the Suip df their op 

•polite 
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poGte Sides is greater than a Semicircle ; therefore at F JG* 
feaft one of them is greater than a Quadrant. 

PROP. XXIV. 

If the three Angles of ajpberiwl Triangle be acute ; 36. 
each Side wfflbe Up than a Quadrant. 

For the Perpendicular C D from any Angle will 
{ill withm the Triangle by Prop. XIX. and fince, in 
the right angled Triangles A CD, andDCB, the 
Angles A And A CD, and B and B C D are all acute* 
therefore by Cor. j. Prop. XXI, the Hypotbenufes 
A C, BC are lc& than a Quadrant. And by the fame 
Rea&ning A B is lefs than a Quadrant. 

C*r % . If the three Sides of a fpherical Triangle 3°* ] ] 
D £ F be greater than Quadrants, the three Angles 
will be obtufe.' 

For then the three Angles A, C, B of the fupple- 
roental Triangle A C B, will be acute, and therefore 
the fides lefs than Quadrants, by this Prop. And there* 
fere by Prop. X. the Angles of the Triangle D E F 
will be obtufe. 

Cor. 2. la a Triangle D £ F. if two Angles D, E 
be obtufe, and one F acute ; the Sides are of the fame 
Affeftion as the oppofite Angles. 

For in the adjoining Triangle DET all the Angles 
are acute by Cor. a. Prop. IX •, and all the Sides 
lefs than Quadrants by this Prop, and therefore in the 
Triangle DEFi DF f E Fare greater than Quadrants. 

> Or. 3. In a Triangle, if two Sides be letter, and 
one greater than a Quadrant ; the Angles will be of 
the fame Affe&ion as the qppofite Sides. This fol- 
lows from Cor z. of this, *nd Prop. X. 



PROP. 
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FIG. 

PROP. XXV. 

39. In a fpber'teal Triangle, when two Sides are of the 
fame Affection, and the included Angle acute ; then the 
third Side is lefs than a Quadrant. But if the two Sides 
are of different AffeSion, and the included Angle obtufe ; 
the third Side is greater than a Quadrant. 

1. In the Triangle BDAorBCA, right angled 
at D and C, v if the Legs are of the fame Affe&ion, 
the Hypothenufe B A is lets than a Quadrant, by- 
Prop. XX A. bat if the Angle at D or C be lefstharv 
90, as A CI, ADI; then AI is ftill left. 

2. Suppofe the Legs to be of different Aff&tioiy 
then by Prop. XXI. the Hyp. BA will be greater 

. than aQuadrant, and much more will B Abe greater 
than a- Quadrant, if the- Angle at C and D be obtufe,' 

Cor. '.When two Angles are of the fame Affection, 
and the included fide more than a Quadrant; then the 
third Angle is obtufe: But if two Angles are of dif- 
ferent Affectioo, and the included Side lefs than a 
Quadrant, the third Angle is acute. 

For by Prop. X. its fupplemental Triangle comes 
under the Cafe of this Prop. 



SECT. 
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SECT. Ill, 

¥he Proportions for calculating the Sides and 
Angles offpberical Triangles, 



TT 



p rop. xxvi. 

In any right angled fpberical Triangle ABQ^w, F I G« 
As Radius : 4°* 

To fine of the Hypotbenufe B C : i . ' ■ 
So Sine of any Angle C - # 
To Sine of its oppqfite Side A B. 

Let. the Triangle B A C be right angled at A i 
draw AG, C G to the Center G of the Sphere. From 
B let fall B I " -L to AG, and thro' I draw IH1 to 
iS C ; and draw B H, which will be in the Plane of 
the Circle B C. Since the Plane A B G is J- A CG> 
therefore BI is -1-ACG, and CH-J- to the Plane 
B IH. Then B I is the Sine of B A, and B H the 
Sine of B C, and by Cor. 4. Prop. IV. A B H I = 
fpherical Angle A C B. 

This done, in the right angled plain Triangle BIH, * 
it will be (by Prop. III. B. II.) Rad : B H : : S.H : 
BT, that is Rad : S.BC : : S.C : S.AB. 

Cor. 1. In right angled Triangles that have equal 
Angles at the Bafe ; the Sines of the Hypothenufes 
gre as the Sines of the Perpendiculars. 

For if Z.C be given, the S.BC is to the S.AB in 
a given Ratio. 

Cor. 2. In right angled Triangles having equal Hy- 

Sothenufes ; the Sines of the Perpendiculars are as the 
ines of their oppofite Angles. For then BC is 
given, 

: . Cor. 
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FIG. Cor. 3. In a right angled Triangle ABF, 2 Cof. 
4 i . Hyp. A Fx Rad = Cof. Sum of the Sides A B, B F 
+ Cof. their Difference. 

For in the Triangle EDF, 
Rad : S.EF :: S.E : S.DF, that is Rad : Cof, B F : : 
Cof. A B : Cof A F, whence Rad XCof. AF= Cof. 

ABxCof. B F= (by Sch. 4. 1.) Cof. A'B^BF+Cof. 

aICTF : x into i Radius. 

PROP. XXVII. 

4°* In any right angled Triangle ABC, as 
Radius: 

. Sine of one Side AC:: 
Tan. Angle adjacent C : 
Tan. oppofite Side A B. 

Suppofing the fame Conftruftion as in the Iaft 
Prop, thep in the right angled plane Triangle H I G 
it will be (by Prop. III. B. II.) Rad : S.AG C or AP 
: : I G : In. And in the right angjed Triangle 
BIG (right angled at I) Rad : Tan. 3 G I or A B : ; 
I <5 : J J$- And b the right angled plane Trianglf 
BIH, Tan.BJil or C: Rad :: IB : IH. There- 
fore ex equo, Tan. C : Tan. AB :: IG : IH; that if 
4? IUd : S.AC : : Tan. C : Tan. A B. 

€or. i. In right angled Triangles having equnJ 
Angles at the Bafe ; the Sines of the Bafes are as the 
Tangents of the Perpendiculars. 

For S. A C is to Tan. A B in ? given Rarip. 

. Qor. z. In right angled Triangles having equal 
Bafes ; die Tangents of the Perpendiculars are as the 
Tangents of the oppofite Angles. 
for if A C be given, -theft jpfC .IP .9 given %**&. 



PROP. 
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PROP. XXVIII. F I G- 

Ih Off right angled or quadrantul Triafigk ; the Sim: , 
ef tiridtUt Part and Radius* are reciprocally proportional 41. 
to the Tahgenh rftbt Extrtams tdqim£t y and to the Co- 
fines of the Ex tr earns disjunct. 

This in the Ldrd Ntper's Theorem, and is dimbn* 
United by Induction thus. 

Product the Sides A B> A F, BF to Quadrants, fend 
defcribe &e Arch CDE. Then fince the Arches AC, 
AD,BE, C£ are Quadrants, the Angles B, C> D will be 
right; and ED= Complerrient oF DG=Comp. A; 
and F D=Colmp. A F * and E F=Comp. F B. Afe 
fo the Cbfine of the Complement is the Sine, and thfe 
Cbtan. of the Comp. ii the Tahgfenc. 
. Ndw the middle Part muft be either a Leg, the 
Comp. 6f an Angle, or the Comp. 6f the Hypothemifr, 

1. Suppofe a Leg as A B be middle Part, then B F 
and Comp. Z. A are Extreams conjundt But by 
Prdp XXVII. Rad:S. AB: : Tan. A:Tan. FB. 
Or tlrosS. AB:Tan.FB-.:(Rad:TanA::)C6taJu 
A : R&dhit} by Gor. 2. Prop. 1. B. I. 

1. Let Comp. of an Angle A be middle Pare, then 
AB and Comp. AF ire Extreams cohjunft * and in 
the Triangle PEF, by Prop. XXVII. Rad : S.ED 
: : Tan. E : Tan. D F ; or S.E D : Tan. D F : : (Rad 
: T&n. E : :) Cetatr. E : Radius* by Gor. 2. Pr. 1. 1, 
that is Cof. A : Cotan. A F : : Tan. A B : Rad. 
. $. Let the Cbttap. Hypothenufe A F be middle 
Part, then Comp. A and Comp. F are Extreams con* 
junft. Therefore in the. Triangle DEF, Rad: 
S.DF::Tah.F: Tan. ED; orS.DF 2 Tan. ED 
(: : Rad : Tan. F) : : Co tab. F : Radius, tint is Cof. 
AF : Cbtan. A : : Cotan. F : RadiiA. 

Therefore Radius X S. middle Part ±fc Rfedanglfc 
of the Tangents of the Extreams conjunct. Again 

1. Let a Leg AB be middle Part, then Coftip. 
F, and Comp. A F are Extremis dfcjuroft, therefbtfc 
by Prop. XXVL Rad : S.A F : ; S.F : S,A B, 

2, Let 
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FIG.. 2. Let Comp. of an Angle A be middle Part; 
41. then F B and Comp. F are Extreams disjunct : There- 
fore in the Triangle DEF, by Prop. XXVL Rad 
* * •' : S.E F : : S.F ": S.E D, that is Rad : Cof. B F : : S.F 
:Cof. A. 

3. Let Comp. Hyp. AF be middle Part; then 
AB* FB are. Extreams disjunct. And in the Tri- 
angle DEF, by Prop. XXVL Rad : S.EF : : S.E 2 
S.DF, thatisRad JC6f.BF::Cof.AB:Cof.AF. 
. Therefore Radius X Sine of middle Part = Re&^ 
angle of the Cofincs of the Extreams disjunct. 
. And in a quadrantal Triangle, its fupplemental 
one, by Prop. X. Will be a right angled Triangle. 
And fince this Prop, holds in that right angled Tri- 
angle, it will equally hold in the quadrantal Triangle, 
wherein the Parts are the Supplements of the others ; 
becaufe Arches and their Supplements have the famef 
Sines, Cofines, Tangents and Cotangents* 

Cor. 1. If a Perpendicular t? Ibelet fall on the Bafe 
of a Spherical Triangle the Cofines of the Angles at 
the Bafe are as the Sines of the Angles at the Vertex, 
r For in the right angled Triangles A F I, B F I, it 
is Cot A:S.AFI:: (Cof. FI: Rad: :) Cof. FBI: 
S.BFL 

Cor. 2. The Cofines of the Sides are as the Cofines 
of the Segments of the Bafe. 

For Cof. A I: Cof. AF:: (Rad: Cof. FI::) 
* Cof. BI: Cof. BF. 

- Cor. 3. The Sines of the Segments of the Bafe are 
as the Cotangents of the Angles at the Bafe. 

For Cotan. A : S.A I : : (Rad : Tan. F I : :) Cot. 
1BF:SJB. 

' Cor. 4. The Cotangents of the Sides,' are as the 
.Cofines of the Angles at the Vertex. 

For 



§eft. III.- of TRIGONOMETRY. 143 

. For Cotan. A F. :. Cof. A F I : : (Rad : Tan* F.I : :) F I G. 
Cotan,BF: Cof. BFI. 4 2 * 

. ... 1 . » 

Cor. 5. The Tangents of the Segments of the Bafe 
are as the Tangents of the 'Angles at the Vertex. 
.. For Tan. AFI: Tan, AI: :{Rad: S. FI : :)Tan. 
BFI.Tan.BI. 



• . » 



SCHOLIUM. 

• ;This Prop, will refolve all right angled and qua- 
drantal Triangles ; and alio all oblique ones, (except 
where 3 Z.'s or 3 (ides are given,) by letting fall a 
Perpendicular dividing "it into two right angled Tri- 
angles. 

PROP. XXIX. 

: In any fpberical Triangle, the Sines of the Sides are 
proportional to the Sines of their oppofite Jngles. 43* 

• On A B, A F let fall the Perpendiculars FH, BIj 
then by Prop. XXVI. 

S.AF:S.FH::2fo/:S.A 
and S.FH : S.FB : : S.B : Rod, therefore 
exequo S.AF : S.FB : : S.B : S.A 

again S.AB:S.BI :: Rad: S.A 

and S.BI : S.BF : : S.F : Rad. and 
ex equo S.A B : S.B F : : S.F : S.A. 

• 

Cor. 1. If 'a great Circle be drawn from the Ver- 44* 
tex of a Triangle to cut the Bafe ; the Redtangles eL 
of the Sines, of the Sides and of the vertical Angles ; 
arc direAly as the Sines of the Segments of the Bafe. 

For S.CDA : S.CA : ; S.C AD : S.CD = 

SC ^fw AP > and SCDA or BD A : S.AB : : 

S.D A B : S.D B= - A **p% AB therefore S.CD : 

S.D B : : S.C AxS*.C AD .: S.B AxS.DA B. 

Cor. 
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FIG. Of. 2. If the vertical Angle of a Triangle be bi£ 

44. feded ; the Sines of the Segments of the Bale are ta 

the Sines of theSides > S.CD : S.BD : : S.AC:S.AB. 

P R O IP. XXX. 

* 

42t h arty frhericdlTrUtngli, if a Perpendicular he to ftU 
oh the Bafe, it is 
As the Sine of the Sam of the Sides* AF, B F : 
Sine of tbeir Difference : : 

Ot. 4f\$mef the Anges at the Vertex, A?I, BFI : 
7ft. 0/ Mf their Diff&ence* 

For by Obr. 4. Pr. XXVTII. Cotan. A F : Court. 
BF : : Cof. A FI : Cof. BFI. or by Cor. 4. Pr. I. B. I. 
Tan. AF : Tan. BF : : Cot BFI : Cof. AFI. And 
by Compofition and Divifion, Tan. AF+Tan. BF : 
Tan. AF— TamBF :: Cof.BFl + CoH AFI j 
Cof. BFl— - Cof. AFI, t hat i s by Cor. 4 and 2 Pr. 

Vil. B. I. &AF+AP : S AF—BF :: Cotan. 
AFI+BFI v AFI-BFI 

2 2 

Cor. i; If the Pterpendkarfar fsAb within/^ BFI 

= half the Angle at the Vertex F : if it falls without 
AFI-BFI ^ MJf Ae vcrtica , A ,^ 
2 ° 

Cor. 2. As Sine of Sum of the Sides : 
Sine of £>ifference of the Sides : ; 
Cotan. half the vertical Angle : 
Tan. half Difference, or half Sam, <6F the verti- 
cal Angles, according as the Perpendicular 
falls within or without. 

P H O P. XXXI. 

42 . Jat* Perpendicular fall on the JBafe of a Triangle tbtn 
Tan. half the Sum of the Sides, AF, BF : 
Tan. bdf their Difference : : 

Tan. 
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• Tan. half the Sum of the jingles at the Safe, B, A : F I G. : 
Tan; bdf their Difference. K 4^ 



?i * ■ 



For by Prop. XXIX. S. A F : SB F : : S.B : S. A. 
And by Qimpofition and Divifion, S.AF+S.BF: 
S.AF-:S3.F::S.B+S.A : SB— S.Aj that is by 

Cor. 1. Pr. VII. B. I. Tan. AF ^ BF : Tan. AF ~ BF 
^Tan.^Tan.*^, ' 

/. a 

PROP. XXXII; 

Let a Perpendicular fall on the Bafe of \ a fyhericbt ^ 2 \ 
Triangle* then ... 

Cotanihalf the Sum of the Jingles at the Baft* A, B : 
Tan. half their Difference : : 
Tan. i Sum of the Angles at the Vertex, API, B FI : 
Tan. half their Difference* > 

For by Cor. 1. Prop. XXVffl. Cof.A : Cof.B : : 
S.AFI : S.BFf. And Cof.A + Cof.B : Cof.A— Cof.B 
: : S.AFI+S.BFI : S. AFf— &BFI, that is by Cor. I 

and 2. Prop. 7* L Cotan. 5i-£ : Tan. 5z^ : : Tan. 
AFI+BFI . ^ AFI— HF1 

Note, If the Perpendicular falls within, AFt + BF * 

= half the vertical Angle F -, but A ¥lr^\ if it 
fall without. ' % 

Cor. Cotan. half the Sum of the Angles at the Bafe : 
Tan. half their Difference : : 
Tan. half the vertical Angle : 
Tan. half the Difference, or half the Sum of the 
vertical Angles, as the Perpendicular falls 
within or without. 

L Thi$ 
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pjG, This is plain when the Peraeodicufer faUt within ; 
and when it falls without,, + BF I becomes +-B J? I, 
and the contrary. 



4* 



P R OR XX30H, 

Suppofe * PirptniicuHartoifdlpn the Bafe of ajptori- 
42- c*lTriaHgIe % thtnas 

Tan. half Sum ofthi Segments 'of the Safe AI, BI : 
Tan. half the Sum of theSidti, AF, BF:: 
Tan. half Difference of the' Sides A F, B]F : 
Tan. i biff, of the Segment's of the Safe, A I, B I. 

at 

For by Cor. a. Prop. XXVIII CofBF : Cpf.AF 
r : Cof.B I : Cof.A I. Arid Cof.BF+Cof.AF : Cof.BF 

— Cof.AF :: Cof.BI+.CoCAI:Cof.BI— *Cof.AIt 

* AF-I-BF 

that is by Cor. ^. Prop. VII. B. L Cofiui. iz . Xr 

: Tan ,A'F-BF s ; c^ AffM.^AfcW 

2 2 2 

Or by Cer. 4. Prop. I. B. I. Tan. A,VJt : Tafc 

M±*£ :: {Co tt n. AF f BF : Cotan A f + 8 .* : :) 
2 a 'Z 

~ AF— BF ~ AI— BI 
Tan. ■ : Tan* ~ — r~~ r - 

2 . -• - 

Here as the Perpendicular falls within or without, 

A*+B i .or A I— B I will be the Safe 

Cor. i. As Tan. half the Bafe : . 
Tern, half Sam of the Sides : : 
Tan. half Difference of the Sides : 
Tan. half the alternate Bafe. 
Where the alternate «afe is half the Otfibreu* or 
half the Sum of the Segoutea of (he Bafe. according 
as the Perpendicular faJJfi wkhb or -without. 

CV. 2. In a j%ht aogkd Triangle; tbtfte&angle 
of the Tan. of half the Hypethcmrfs +iaJf one Leg, 

and 
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and the Tan. half the Hypothemife ^ half that Leg FIG, 
sz Tan- Square of half the other Leg* For then BL=o. 

4 

ft 

PROP. XXXIV. 

Let fall a Perpendicular upon the Baft pfa Triangle, 42. 
4btm 

Situ of tb* Sum of the Angles at the Baft B, A : 
Sine of their Different* ; 1 

Tan. half Sum of the Segments of the Safe, AT, B I : 
Tan. half their Difference. 

For by Cor. i. Prop. XXVJII. Cotan. A : Cotan. 
B : : S,AI : S.BI, or Tan. B : Tan. A : : S.AI : S.BL 
And Tan. £+ Tan. A : Tan. B— Tan. A : : S.AI+ 
S.BI ; S. A I— S.BI; that js by Cor. 4 and 1, Pr. VII. 

B. I. S.B+A : S&~A :: Tan. AitEI : Tan. 
AI-BI 

2 

^cording as the Perpendicular falls within or with* 

„ AI+BI _AI— BI .„ . f . I£ . 

out, — i — , or ■ . ■ »■■<■'. will be equal to half the 
22 

Bafe. Whence 

Cor. 1.   of the Sum of the Angles at the Bafe : 

Sine of their Difference : : 

Tan. half the Bafe : 

Tan. half the alternate Bafe. (fee Cor. i. Pr. 33.) 
For when the Perpendicular falls without, +B I be- 
comes — B I, and the contrary. 



PROP. XXXV. 

Let fall a Perpendicular oh she Bafe, then as 
Sine of the Sum of the Segment $ of the Baje % AI, BI : 
Sine of their Difference : : 

Sine oftbeSwoftheAngUsatthtVmt*) A*1, JBFI: 
Sine of their Difference. 

L2 For 
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FI G, For by Cor. 5. Prop. XXVIII. Tan. A I : Tan. B I 

42. : c Tan. A F I ; Tan. B F I. And Tan. A I + Tan. 

BI : Tan. A I— Tan. BI : : Tan. AFI+Tan.BFI 

: Tan. A F I— T an. BFI. that is by Cor. 4. Pr. VI I. 

B .I. S.AI+B I : S.AI— BI :: S.AFI+BFI : 

S.A F I — B F I. Here, as the Perpendicular falls within 
or without; ALfBI, Or A I— BI is the Bafe; 
and AFI + BFI, orAFI— BFI, the vertical 
Angle. Whence 

Cor. As Sine of the Bafe : 
Sine of the vertical Angle : : 
* So Sine of the difF. Segments of the Bafe : 

Sine of the difF. Angles, at the Vertex, when the 

Perpendicular falls within : : 
Or Sine of the Sum of the Segments of the Bafe : 
Sine of the Sum of the vertical Angles, . when the 

Perpendicular falls without. 

PROP. XXXVI. , 

42, As Coftne of half the Sum of two Sides, A F, B F : 
Gojine of half their Difference : : 
Cotan. half the included Angle A F B : 
Tan. half Sum of the oppoftte Angles A, A B F. 

Put AF+BF=P, AF— BF=/>, ABF+A=Q» 
ABF— h-q. AI+BI=R, AI-BL=r, AFI + 
BFI=V, AFI— BFI=<y. 

Then fince the Tangents are reciprocally as the 
Cotangents, we fhall have by 

Prop. 30. S.P : S.p : : Cotan. *V : T.|0- 

31. Cot. iP : Cot. ip : : T. iq : T.i Q 

% 32. T.iq : T.jv :: Cb/.iV ' : T.iQ- 

And compounding thefe Ratios, and expunging equal 
Quantities. 
S.Px Cot. i? : S./xCot. f p : : Cot. Square, i v : 
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oCnf^P FIG. 

Tan. Square iQ:. But by.<$ch, Pr. 2. 1. 2 ^T '/ 42 . 



r»,<r, S.P*Cot.iP j,^« 



= S.P, or CoO P= w ■ , ,7 • * * , arid Cof. t*= 
S.j>xCot. */> . therefofe Cof sq Uare iP . Q of 3 re 

1^ : : Cot. Square iV : T. Square tQj and Cof.iP 
: Cof.i£ :: Cot.iV : Tan. iQ^. 

This'- is .plain when the Perpendicular falls- within ; 
and when: it falls' without ; inftead of the third Pro- 
portion, fubftitute this (by. Cor. Pr. XXXII.) TAq : 
T. t V : : Cot. iv : T. iQ. and you will have at laft, 
this i Qof. t P : Cof. ip : : Cot. iv : Tan. iQ. 

Cot. 1 / As* Sine of half the Sum of the Sides : 

Sine of half their Difference : : 
- Cotan. half the included £ngle : 

Tan. half Difference of the oppofite Angles. 
For by the former Proportions, a little vary'd, 

; : &F/ : S.p :: Cot. iV ': TAv • : 
T?irP : T.lp :: T.iQ^ : T;*j ; : 

T.4Qj T.tV :: Cot.iV : T.4tf 

then proceeding as before, i$ will be found (by Sch. 2. 
Prop. 2. B. I ) that 

S.fP : S4/> : : C6t:*W : T. t$. When the Per- 
pendicular falls within ; and when it falls without, in- 
ftead of the third Proportion put this (by-Cor Prop. 
XXXIf .) Cot.4 V : Cot, iv : : Cot. i C£ : T; lq. and 
you will getatlaft'S.JP : S.lp :: Cot.-ivs Tan. I'q. 

Cor. 2. Cof. half Sum of two Sides : 

Cof. half their Difference : : . '" 

Tan. lialf Difference of their oppofite Angles : 
Tan. half Difference, arhalf "Sum q£ the vertical 
Angles y according as the Perpendicular, go, 
* Mtlie thifd Side, falfewithin or without. 

This follows from the prefent Prop, and Cor. Prop. 

L3 PROP. 
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Y \ l% ' PROP. XXXVII. 

As Cef. half Sum of ton AngUs A, ABF : 

Of. balftbeir "Difference : : 

Tan. half the included Side A B : 

Tan. half Sum of the oppofite Sides, A F, B F. 

Suppofing as in the laft Prop, then by 

Prop. 3 J. Cot. iQj Col it : : T. ip : T.*P 

33. T.ip : T.ir :: T.*R : T.it 

34. S.Q^ : S.f ::T.4R:T.*r 

But (by Sch. Pr. II. B. I.)lS.QxCot. i QssCpT *Q, 

and tS.jX Cot.T}= Cof/if, therefore by com- 
pounding, 

CoTiQj Cof?4$ : j T».*R : T\4P. * 
OrCof.lC^: C*f. t? :: T. iR r T. 4P. . 

But when, the Perpendicular . falls without* inftead 
of the third Proportion* put this (by Cor. Prop* 
XXXIV), S.Q.. : S 4 •■ : T«*r : T.i ft. Whwce at 
laft you will have this 

Gb£tQj Got. if jt T*|r : T.$P. 

Car. 1. Sine half Surn of two Angles, A* ABF: 
Sine of half their Difference : : 
Tan. half the included Side, A B : 
r Tan. half Diff. of the tjppofite Sidesv A F» B P. 
For by varying the Terms of the foregoing Pro* 
portions, it will be 

T.4Qj T.*f :: T.^P : T.4*. 

T:^P 1 T.^r : : T.*R : T.4*. 

S»CL : S.f :: T.4R : T.Jr* 

but fby Sich. Prop. 2. 1.) iS.QxT.iQpS* SQj » d 
iSjXT.T|=;S*.f £, therefore by compounding* 

S.iQjS.ij::T.±R:T.if. 

. . If 
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If the Perpendicular felt trtfhout, infttad of the FIG. 
third "Proportion put this (by Cor) Prop. XXXIV.) 4.2* 
SXJ.: $4 iiT.ir : T.£R. which wiitigiyei. this 
Proportion, Si^<£? S.£f< : T.±r : T.^p. 

Cor. 2. Co/ i Sum of the Angles at the Bade} A, ABF: 
Of. Italftfefr Di&rettc* tt 
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Tan. half Diff. oppofite Side*. A F, B F : 

Tin. half DifE'or half Sum, qf the Segpaeitfs of the 

" y Bafe •, a£cbrdtf)g as the Ferpencticulaf falls within 
„or without. . . •• < -n " .... 

lWHMfo*s from th^prefcat Rropraitd Cor. u 

Prop. XXXIIL : 

pr o p. xxxvm. 

: J» an^jpbtrkaV Triaugk AF B ; fhi Riftangle of the 
Sines of mj'tvnutati xCof intituled jfngir-^ tbe'Rt£l~ 
angle. of their Cofines X Radius = Cof. of the third Side 
X Radius Square 1 that is S.A B X &F B X Cof B + 
Cof A&X Cof FBX Rod -Of AVX Rod*:' 

Let <fcsS".AB, tn=Co(. AB, i=tS.B. 

feaSJB, )»»ttG>f.FB, ftaC 6Cg,;=gCot ,B. 
r=Rad. P=*/rrnn+bbcc. 

By Prop, i.l£*'.: B :.ir i Tin. FB ; : Cot. FB 

.f : : (byltonx XXVHI.} f : Tan. Bl= il And 

..... it 

by Sch. Pr. 1. 1. Sine of BI = r SL, and Cof. B I = 

P 

r J2 * and ty Cot . Pr. tf . ! . Cof. A I == fJttifft* 

But &y Cor. *. Prop. XXVIII. ^£ : *><+*•' . ; 

r P P 

tf\ C&C AiF^dl+2i!^ . 

. rr 

Cor. 1. The Cofine of any Angle of a fpherical Tri- 
angle is equal to the Cofine of the oppofite Side X 
Radius Square — the Re&angle of the Cofines of the 

L 4 includ- 
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F I G. including Sides X Radius, and the -whole,, divided; by 
+i,' the Rectangle of the Sines of the including. $fdes. 

'w**vrte-' Cof..AFXf r— Cof. ABxCoi'vFBXr 
ForCof.B^- , ; ^ ABxS ^b:, y; , , . 

S. A B X Cof. FB X Rad— S-F B X Co f< ABsXCof B 

S.BXS:FB 



i l ■ k ! > • • 



> f • « 



For by Prop. 6. 1. S. A li ™Zr^£»}M by Cor. 

- Jr 

3> Pro F- [XXVIIL ~ : .^— — , : ; T,;:;Gpt Ac 

■ t= ■ — ^, became - =- by Sen. Pr. i. L 

rcb . fa . , c s .; 



T++l—^'* *"»- 



,- - S \ B - F BX r r+S.F BX Cof. A B*! verf B 

. '. S.BX&FB. ;; 

=r:Cobn.;A, 

" For fiiice Cof. B— r — veri. B v therefore fy Cor. 1' 
Cot. A= ^-^r+^XverfB. but hy ^ 6l 

an — fofrrrS. A B — F BXr 9 whence theCer. is Evident, 



.1 



:. sc ho.L:1U M..i r. 

, If the! Angle A B F be gnj&ttr. thaocft right. Angle, 
then its Cofine f will be negative. 

p r,o p.\ xxxix." 1 lA 

^ . 7&? Rtfiangle of the jSitesof two Angty ¥> Cofine of 

**' the included Side divided by Radius Square — the Re£t» 

angle of their Cofine} dmdtdf Iq Radiig> is jqual to tbf 

Cofine of the third Angle. ' * 

. . S.AxS BxCof AB -iG^AxQf/A A rr 

rr r 



• > . ' I t V ' ' • - f i , . . I x 



i 
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I>* fajl tbe^Perp^djcular b R,- tod put '■■•'■: F I G. 

§.A=ai, CofyA,=w» Cot. A x=y, C of; AB =rc; Raj=f . ; 45. 

' S.B=£,' ' Cof. B=*, jssffrr+cc ."" 

then;Mby Prop. XXVHL Cot; . A BR= Sf, and (by± 



rr , .__ •>/-_- rr 



Sch. 1. 1.) its Sine = — , and its Cofine = — . And 

■ • Q l /* .* 

by Prop. 6. 1. S.RBF=^Zf£ $ and by Cor. i.Pr. 
XXVIII.II : £fZ2Z :: » : -Cof. F= lf^I«= 

J J .V.. T*- . 

!™—™ = *t-'!!l i becaOfe*=i* by Sch: Mr 

Car. 1 . The Go/ine^f any Side" is .equal to the Reft- ' 
angle of the Cofines of the including Angles x Radius 
+G>£ oppofife Angk x Radius fijiaai?* and the u*fe$le 
divided by the J^edangle of the Sines of the includ- 
ing Angles. \ . v' ~ - 

Tor ir or the G,/ A^*" 1 **^^ " 

\* S.A B - . "*• • *" 

For letj==5;AH, rsCbtanFA-fij then by Cor. 1. 

Prop. 6. 1. Cof. RB F=tl±5S, an^ by Cor. 4, Prop. 

3B^lHr^-k±2£ : : t : Cfct.W= **+»'■/=£+ 

]..,». / -4\: XVJ.V ■• v ' .■:: re J . 

^.becaufe /^r. ITOr Cot»B E=: r **+**', be- 



*<* 



ca«tfe t=~, and /== -, by Sch. Prop. 1. 1. 

a & ■ " 

- ■ . 

Co r. 3. C otan. F B = . 

f>XS.A+B-S.AxCof.BXverf.AB 

S.AXS.AB 

For 
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FIG. For let v=verf. AB =sr— c, and «sr— u, then Cot. 
45. t?» r&M"** rbm^>r an—am . .. /t « r , * J 



j« i* 



««rX».A+B,when<xeotBF^2^Mdbll^* 

a; 

- % 
P 

PROP. XL 
. Uk*iM b, f % f*dbe the Sines, \ p ;, j j, ^ ■>' i <; 

47* sides^ Hi marVd in the Figure. 1dn& _ 
hb=bb-*-ua~mm — nn. 
andkk~i — bbfpmt — a add. 
Radius =i. . fbm 



» i 



^ . 






imm m \ ,, 



i. bif—ngsiVk - By Prop. XXXB6 

a . ae/^-ptgstn By Prop. XXXIX, ' : 

3 . * xst*=$L By Cor. ».. Pr. XXXVWl. 



•For by Pr. ul-a Coon. B. From the two firft 

. ».__ .— .... . . ^- * • * .' 

Equatwis^= //^^ = fyTl? > whence kifpt^p 1 

ft in 



*/W; 



.r- \ 




bim^-aen 

Again* by xh& third Ecjuation Af^bpe-rpat^ _ 
ade*—bdig> becaufe (by Prop. XXIX.) bptzad; and 

*f±* e-K& yfhttKtg^ft^f^ *fc?, and * » 

bi n 

tf+bbii t — ££#p 
becaufe ii= i— -^p. 



** bim+~*en 

For 



r 

i 

For by the i< ' and 3' Eg«ation»/=^V*^fr F * G - 

.01 n Art* 

and nng±m*zaebi—bbiig ; wtengg^st^Tf * 

i—bbpp 
Ag*in, by the i* and 2* Equation /=£fc2l=5 

*~*"7ft» and dem^raenjl^ikit-^bimgi whence* = 

» * 

d€tih*-hiH 

v. . ' ' '• 

tnrn*~»atn 

r»~ * rv#*~ rw* w '-- J** *X$2A — /XS.2B 
dr. 2. vocan* rtn* Miiny tti . ' jb j jo 

-•---■ ** Cof. 2A— Cof.iff 

For multiplying the i* Equation by », and the 2* 

by », we have mHsbinf—tmg-=:aejm — mmg t and 

l*^*.lTzJm-5iij t and&=*'?~j**tt: ■ 

WtfiZZV*, j tot (by Prop. 2. I.) 2«w=rS.2A, and 

2^b=S.2&, alfo 1**= verf. 2 A, and 2£*= verf. 2B 9 
and 2bt— a**=rcr£ 2B~vtr£ lAsCof. 2 A— • 
Cdf. 2B, and £*— *»=»*— »», for JH^=i =»*+<**• 

S C H O L I UM. 

Any of the Qgaittitks * t £ f ^, ^ or «•♦ A, 4 ** ©ay 
be expung'd by help of die Equation bpz=a& or the 
Tangents or Cotangents fubftituted for them. 

PROP. XLL 

Suppofi as in the ba^ Prop, and let 
lkzdd-fp^ii—ee 9 *7* 

?t^t~bbpp=:l-~aadd 
Radius =1. ttm 






For 
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FIG. For i, pns+ci=e 9 by Prop. , X^XVIII, , 
47. 2. mds+ce—i 9 *by Prop. XXXVIIf. \ u 

- 3. i = iS±f25, by €or..2. Prop. XXXIX. , 

By the two firft Equations f=£Zfff ~-(r*4* 

* *: — m3T 

and.ee— penszzii — /*»*/*, and imds — pen*hzii—ee % 

- — * J 1 ' •* a • • ' ' ' r ' ' * .„.,..,/« 

whence j= : 

rf**» — fen ,,->:. 

- Ai& by the/ttitVdi ^mt\0n^asJ^p^fi^nac^ 
(fince adzzbp) adm-^-pnac, that is siz=idpJfepnc yy 

whence r= £*=^! = fz£2£, and j? -diffepwl^: 

#**r,, whence 4^ 5 T> \ ,= ^ ; , , . 

.••./>...•••/>>• a R- ei^mndp ._ ptt(--dem , ... .., 
*'■ J " tt pen— dim 

For byV'aad ^Equations, sz=£--?l = — . ^ >' and 

jr.. •... . «• «„ / , - ._.**+#«* raw 

— Alfo by the: rf? and . 2 d « Equations' *=>— w 




and mde — mdci=pni — pnec 9 whence cz=l . ^ — . 

1." i r . • ') TT f> dim— pen 

v.Cbr. 2. (km.^$^T!h^^j :•-,/. 

WXS.2AF- »xS.iB-F . . '" ,. : ""-: ' . 1 

Col. 2BF— Col. 2 A* * 

For multiply ingxtie' 1 ft .Ec|tiatl*if by f, and the 2 d 
by e> we have^»^i+a/=^j # <=s^^^+f^^ and f/i— 

• * **M ~j ~- u c wed— pin. 2mea^2pm 
cee—mdes—ptnSy whence - = ^ » • ^ '?; - , . u" ; 

■j\ ,.lir<~efr. 2dd—rZpp 

but by Prop. 2. 1. 2<?^=S.2AF X and 2#i=S.2BF, and 
2dd=verC aAFi -ftnd 2/- a rxrverf. 26F, and 2^i — 
2pp= verf.-2A ^^f£?BFs<^2^F^C6I.2AF. 

; t ' SCHO- 
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' SCHOLIUM. „ 

Any of the Quahties *, d,b 9 p; or w, *, i, », may 
be exterminated by help of the Equation ad-rfy* or 
the Tangents or Cotangents fubftituted inftead of 
thehi. • ' 

PROP. XLIL 

In any fpberical Triangle* ABF, ^ 

^y RtBangle of the Sines of the Sides AB, FB : , 4 ft « 
Radius Square : : 

f*r/T Bafe — verf. difference of the Sides : 
Verf included Angle B : : 
Cof difference, of the Sides — Cof. Bafe : 
Verf. included Angle % 

Let«=S.AB,m=CoC AB, t=Cof.B. <y=verf. B. 
J=S.FB, »=Cof. F B, <*=Cof.AF, Rad =r. 

Then (by Cor. 2. Prop. XXXVIII.) Jf *~~ f* r = 
<r=r-z;, vAv=2tzdri±22Z • but (by Cor. 1. 

Prop, fc I.) £*±»? - rx Cof. AB-FB. Therefore 

r r . _. • 

rrXCof.AB— FB— drr verf AF-— verf. AB—FB 

v=z = 

<»* ab 

Xrr. m ■ 

• m 

Cor. 1. Rcftangle of the Sinesuof the Sides : 

S. half SumXS. half difF. of the Bafe and difF. Sides:: 
And verf Sum of the Sides — verf their difference : 

verf Bafe — verf. difference of the Sides : : 
And Cof difference — Cof Sum of the Sides : 

Cof diff. Sides — Cof Bafe : : 
So twice Radius : 

verf Angle included, B. 

For let the greater Side AB=*, leffer BF=f, Bafe 
AF=£, a-\-e~z % a-^ezzd, v= verf. B. 

Then 
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FIG. Then by this prop. $*X$^ ; verf. J— verfZxr : : 
4& r : v . But (by Cor. 3. Pr. 3. 1.) ■JrXycrf. J— verf.** 

^. *+^xS,fc^ «d (by Cor, 2, Pr. 3- I.)5^xS^ 
2 2 

=t rX tofTJ— Cof z. Whence you have thefi; two 
Proportions, 

S.*XS.* : S. *±ix S.£=^ : : 2r : tr. 

a % 

And verf. *— verf. ^ : verf. J-— vtrf. </; : $f : v. 
And the Diff. of the verfed Sines is at cliff. Cofinet- 

Cor. 2. Reftangle of the Sines of the Side* : 
Radius Square : : 

Verf. Sum of the Sides — Vfrf B*fe. 
Verf. Sup. of the included Angle B. 
For (by Coo iO 

Verf. z— verf. </ : verf. b*~ veff. d :: zr; v; 
And by Divifion 

Verf. z^- verf. d s verf a— verC b::arz or--v f 
Or Verf. z — verf. d : ir : ; verC z — verf. b : ar — v. 

And ■ ■ ycrzrr : : ven.»— verf.* : 2r — tr. 

2 ' 

tb*t i$ (by Cor. 2. Prop, 3. 1) §,* X S.* c j* : s v$j£* 
— verfj : ir — v 9 the verf. Sup. B. and the diff. verfed 
Spes ~ diff, CofavL Whence 

Cor. 3. Verf. Sum of the Sides — verf. diff. Sides : 
Verf Sum Sides — verf Bafe : : 
Twice Radius : 
Verf Supplement pf the included Angle ?• 

Cor. 4. As Reftangle of the Sines of the Sides : 

Radius Square 1 : 
Or as Sum of the Sines X difftom, of * ««* apd *if/. 

Ra dius Square : : [Sides : 

So S.^Bafe+4-ditf. Sides XS. t Safe— 1 d iff, Sides : 
Sine Square Qf half the include d Angle : t 

So S. i Sum^f the 3 Sides X S. £ Sum 3 Sides—Bate : 

Cofine Square of half the included Angle B. 

Let 
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Let V=Sup.B, j=S.iB, *=Cof.^B. The reft FIG. 
as before, then (by Pr. 2. 1.) v=*!l, and V=!££, 4& 

and (by flop. 4. L) ve * *~ v * rf - <* X V=S. *tf x S. 

b—X ' 1 verf. s— verf. * c '*+* v Q *— * * 
, ana ■ x r — o. — ' — x o. ; and 

2 . . , 2. 2 2 



(by Cor. 2. Prop. 4. L) S.*x S.e=$. Zti +S,£^f* 



«2 Z 



a+e c *— * 



S.tEf — S. —tzS.&+S.Ux$.lz— S.U- Now 
2 2 

by this Prop. S.* xS.* : rr : : verf. b — verf.^ : v pr 

r 2 22 

Again a+ e+ b z=zz-y? 9 and f ,T/t^ -~£— JflZ:, 

and by Cor. 2. S.* xS.r : rr : ; yerf. a— verf. b : V or 

r 2 22 

Hence al&, fioce ^=^— a 

Cfer. 5. AsReftangle of the £ijw of the Sides : 
Radhu Square : : 
So S. t Sum of 3 Sides— one Side, x S. -i-Sum — other 
Sine Square of half the included Angle. (Side : 

Cut. 6 From half the Sum of the 3 Sides, fub- 
traft the Bafe, and two Sides feparately > then 
As 5. half Sum of the 3 Sides x S. firft Difference : 
J&Ungfcxrf theJfaj of Jthe 3* and 3 d Differences:: 
So Radius Square : 
7*4* Square of half the included jingk. 

For by Cor. 4. & 2±£xS.?zl:S.i±^xS. t=* 

% 2 2 2 

::(«:«': i)rr : Tan. Square of half the Angle, by 

JPfop. 1. 1. 



SCHO- 
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F i G * SCHOLIUM. 

Any of thcfe Compound Proportions may eafily be 
refolved into two fimple ones. For Example in Cor. 

4., fay S.a : r* : : S. -i^ : to the Sine of a fourth A* 

Then S.* : S.A : S. -H- : j j, required. And the fame 

may be done for the next Prop, and its Corollaries; 

9 .... 

P RO P. XLHL- 

4 2 ' bony fpberical Triangle, . 

As Reft angle of the Sines of two Angles A, B : 

Radius Square : : 
VerJ. Sum of the. including Angles— verf Sup. 3 d Angle : 

Verf included Side : : 
Andfo verf third Angle — verf Sup. Sum of the including 

Verf included Side : : [Angles : 

Andfo Cof diff. of the including Angles + Cof 3 d Angle : 

Verf Sup. included Side : : 
Andfo verf Sup. 3 d Angle — verf diff. including Angles: 

Verf Sup. included Side : : 
Andfo verf Sup* diff. including Angles — verf 3* Angle : 

Verf Sup. included Side, A B. 

For let B be the greater Angle, A the lefler, A B 
the included Side, and put 

azzS. A, *»=Cof. A, <:=Cof. AB, */=verf. AB, 
fc=S.B, »=Cof.B, </=Cof.F, V^verf. Sup.AB, 

then (by Com. Pr. XXXIX.) ^ nr \ dr r =t=r ^ 9 

» ab 

therefore v= ■ ■■" -t , — ; but (by Cor. 1. Vt. 

ab 

5 . 1.) 22z£*- Cof. A^B= (by Sch. i.L) r- 

verf. 



42. 
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verf.A+B = verf. Sup. A+B— r. and dz=r — verf. F= FIG. 

verf.Sup. F-r, whence v= ver( ' A+B-verf.Sup.F n 

ab 
^ verf F— verf. Sup. A-f B 

Tb rr * 

Again V=r+f = a ^+ OT f +irr . But (by Cor. i . 

ab 

Pr. 6, 1.)^±22 = Cof. B^A=r- verf. £=X= verf. 



Sup.B^A-r. ThereforeV= CofB ^ A + C ° r F xrr= 

ab 

verf. Sup. F — verf. B — A 

— ^- - — rrzx 

ab 

verf Sup. B— A— verf. F „ m 

ab 

Cor. i. As verf. Sum of two Angles — verf. Diff. : 

To twice Radius : : 
Or as Cof Difference of two Angles — Cof Sum : 

To twice Radius : : 
So verf. Sum of the including Angles — verf Sup. 

Verf included Side : : [third stogie ; 

So Verf third Angle — Verf Sup. Sum of the in- 

verf included Side: : [eluding Angles : 

And fo Cof Diff. including Angles + Cof 3 d Angle : 

Verf Sup. included Side : : 
And fo verf Sup. 3 d Angle — iw/Diff.includingAngles: 

Verf Sup. included Side : : 
And fo verf Sup. Diff. incl. Angles — verf 3 d Angle : 

Verf Sup. included Side, A B. 

F or (by Cor. 2. Pr. 3 . 1.)^AxS.B = 

Cof. B— A— Cof. B+ A 

1 x r = 



verf. B+A — verf. B — A m A * „ - A r . 

~ ■ n ,xr, And all the reft fol- 

2 

Iowa from this Prop. 

M Got. 
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FI G. Cor. i. As Re&angle of the Sines of two Angles A, B: 
42. Radius Square : : 

So S. y Sum of the including ZJs + 4- Sup. 3* Z.x 

S. | Sum including /Ls — \ Sup. fJL : 
Sine Square of half the included Side : : 

And fo S. -i- Sum of 3 Z-, and Sup. Sum incJ. Z-'s x 

S. 4. their DifF. : 
$/»* Square of half the included Side : : 
So S.^Sup. 3 d Z.+4r Diff. incl.ZJs xS.-i Sup. 3 d Z.— 

i DifF. inch Z/s : 
Cj/I Square of half the included Side : : 
•So S. 4- Sup. Diff. incl. <L s + \ the 3* Z. x S. * Sup. 

Diff. incl. jLs — \ the 3 d Z. : 
G?/. Square of half the included Side, A B. 

For fince the Diff. Cof. =s Diff. verfed Sines, there- 
fore (by Cor. i. Pr. 3. L) verf- B+A-verf. Sup. F xy 

_ B-}- A-l-Sup. F w c B+A— Sup. F 

—5. 1 X O. . ■ ■ f 

2 2 

a^ ver f- F— v «-f- Sup. B-f A y r _ 

2 

c F+Sup. B+A c F— Sup. B+A 

2 2 

A ^vcrf.Sup.F-verf 6=A ; , , 

2 

<? Sup F+B-A „ Sup. F+A— B 

2 2 

■ AJ ve * Sup. B-A- verf. F „ r _ 

2 



Q Sup. B— A+F ^ g Sup. B— A— F 
2 ' 2 

And (by Pr. 2. 1.) verf. A Bx 4-r= Sine Square of 
4-AB, and verf. Sup. ABx4-r = Cof. Square of 
4-AB, then aH the reft follows from the prefent 
Prop. r 

Cor. 
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Cor. 3. Reftangle of the Sim of two Angles A, B : F IO. 

Radius Square : : 42. 

Or Sum iof the Sines x Dif£ &/kj, of 4- Sum and -i Diff. 

Radius Square : : , [Angles : 

So Cof 4- Sum x Cof \ Diff. of the 3 d Z. and Sum incl. 

[Angles; . 

Sine Square of half the included Side : ; 
So &/£ Sum xG?/:|4r Diff. of 3* Z-, and Diff. incl. 

[Angles : 

Cof. Square of half the included Side, A B. 

For (by Gor. 2. Pr. 4. 1.) S.AxS.B=S.^±^ +S* 

5=± XS. *±A_S. ±± , and S. B+A+,to-* 

* B+A^i 2 8o+F =s 2 B+A-F xS B 2 +A+F 

— 9 o=Cof. F ""^— B xCof. 1 80- 3+A-f-F _ Cof: 
F -A~B x ^ F+A+B 

Again &»8o-g+B-A x s , iSo-F^A-B^ 

2 2 

c ^ F+ A— B v c F+B— A ^ r 

S.90— — i . X S. 90 — mCof. 

2 2 

F ~ B+A X Cof. F+ B — A . The reft follows from 
2 2 

Cor. 2. 

Gor. 4. From half the Sum of the three Angles* 
-fubtraft each Angle at the Bafe feparateiy, and then 
the third Angle. Then 

As Reft, of the Cofines of the 2 firft Differences. : 

Reft, of the Cof. 3* Diff. and Cof\ fum of 3 Angles;: 

So Radius Square : 

Tan. Square of half the included Side or Bafe, A B. 

This follows from Cor. 3* becaufe Cof. : Sine : : 
Rad : Tangent. See Schol. Prop. XUI. 

Ma PROP. 
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FI PROP. XLIV. 

4S. If the vertical Angle F of a Triangle A F B be bifeft- 
ed, it will be 

As twice the Cot. of the lifefting Line F I : 
Sum of the Cotangents of the Sides A F, B F : : 
Radius : 
Cof half the vertical Angle F. 

Produce FA, FI, FB to Quadrants, and to the 
Pole F draw the great Circle LT R, and produce 
R A to interfeft it in R. And let Tan. A S=£, Tan. 
I T=rf, Tan. B L=4 S.RT==y, Cof. \ F=x. Then 
the Angles at S, T, L are right. And by Cor. I. 

Prop.XXVII. f :*::jr:£Z = S.RS. Andeid:: 

y:i?= S.R L. And fince S T=T L ; therefore (by 
c 

Prop. 3. 1.) -2±-2r ==2xxjk, or-i_xr=2#, that is 

€ C ' • * 

2cx=zb+dxr. 

Cor. As twice Radius : 
Tan. bifefting Arch : : 
Sum of the Cotan. Sides : 
Cof. half the vertical Angle F. 

PROP. XLV. 

48. If an Arch be drawn from the Vertex to the Middle of 
the Bafe of a Triangle \ then the Sines of the' vertical 
Angles are reciprocally as the Sines of the Sides, and 
dircftly as the Sines of the Angles at the Bafe. 

For (by Cor. 1. Pr. XXIX.) S.A F I x S.A F = 
S.B F I x S.B F, becaufe A I=B I. Therefore S. AFI 
:S.BFI :: S.Bf : S. A F : : (by Pr. XXIX.) S. A : 
S.B* 

PROP. 
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PROP. XLVI. F I G. 

As one right Angle : 49- 

To the Angle intercepted between two great Circles : : 
So the Area of a great Circle of the Sphere : 
Lunutar Area containd between tbefe great Grcles. 

Let A B C, A D C be the two great Circles; B D F 
a great Circle whofe Poles are A and C. Divide the 
Circle BDF into an infinite Number of equal Parts* 
thro' all which draw great Circles pafling thro* A 
and C, which will divide the Surface of the Sphere 
into the fame Number of equal Parts, iimilar and equal 
to one another-, fince their Bafes (in the Circle BF), 
and Sides are all equal. Therefore as the Number 
of Parts in the whole Circumference, to the Number 
of Parts in B D, that is, as the whole Circumference, 
to the Arch B D : : fo the- Surface of the Sphere to 
the Area A BCD A ; or as 4 right Angles: Angle 
BAD :: Surface of the Sphere: Area A BCD A. 
But (by Geometry) the Surface of the Sphere =4 
great Circles. Therefore as 4 right Angles: Angle 
BAD :: 4 great Circles: AreaABCDA^ or as 
one right Angle : one great Circle : : Angle BAD: 
Area A BCD A. 

Cor. As 4 right Angles : 

Intercepted Angle BAD:: 
So Surface of the Sphere : 

Surface intercepted between thefe two great Circles :: 
And fo Solidity of the Sphere : 

Solidity contain'd between thefe great Circles. 

For the Solidities are as the Surfaces, becaufe they 
may be refolved into Pyramaids of equal height. 

PROP. XLVIL 
In any Spherical Triangle, G * 50. 

As two right Angles : 

Excefs of the three Angles above two right Angles: : 
Area of a great Circle of the Sphere : 
Area of the Triangle. » 

M 3 Produce 
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FIG, Produce all the Sides to Semicircles, then the 
5q. oppofite Angles are equal (by Cor.i. Prop. IV.) v and 
(by Prop. IX J Triangle H^Triangle G, alfo half the 
Surface of the Sphere=G+R+S+T ; let a y h> c be 
the three Angfes r then (by Cor. Prop. XLVf.) 
1 80 : a :: i Surface Sphere : G+R 
180 : k : : f Surface Sphere : G+S 
1 8a ; c : : 4 Surface Sphere : H+T or G+T f 
therefore xSo : a-j-b+c- : : i Surface Sphere :- 3G+R 
4-S+T, and by Divifion, 186 : a~\-l>+c-*.*$o :: 
i Surface Sphere : 2G : : i Surface Sphere, or the 
Area of a great Circle : G, 

Cor. 1. As i : 57-^957795 : : ^ e 3 Angle* -*• % 
right Angles : Area, in fquarc Degrees. 

Fpr Area of a great Circle = 4 Circumference x 
Radius :=£jSoxRadiu$> and Radius =5^3957795 

. Cor. 2. As 180 : 3 Angles — i8p : : 3i4i6xRad* 
: Area of the Triangle* 

For 3. 1416 r r = Area of the Circle, whofe Radius 
is r. 

Cor. 3. In any fpherical Polygon, put*= Numbs? 

of Sides, A= 1 8o° x n — 2. Then I. fay 

As 2 right Angles or 1 8o° : 

Sum of all the Angles of the Polygon — A : : 

So the Area of a great Circle of the Sphere : 
- Area of the Polygon. 

Suppofe the Polygon to be divided into as many 
Triangles as it has Sides, by Arches drawn from a 
Koint within it. Then Since (by this Prop.) it is in 
any ene Triangle, as 180: a great Circle :: Sum of 
its Angles — 180 : its Area ; ( therefore by Compofition 
it will be, 180 2 a great Circle :: Sum of all the An- 
gles internal and external— ax 180 : Sum of all the 
Areas of the Triangles •, but the Sura of the internal 
Angles^36o or 2x180, therefore; 180: great Cir- 
cle : : Su m of all the Angles of the Polygon— A 

(or 0— axi8o) : Area of the Triangle/ SECT- 
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FIG. 

« » 

SEC T. IV. 

The Solution of all the Cafes ofjpherical Triangles. 



By help of the Propofitions delivered in the laft Secti- 
on, all the Cafes of Spherical Triangles may be refolv- 
ed 5 1 fhall give the Solution of each Cafe in particular, 
both in right angled Triangles and oblique Triangles* 
after I have fhown how they may all be refolved in ge- 
neral by the foregoing Propofitions. Every Spherical 
Triangle has 6 Parts, and any three being given the 
reft may be found. 

The Solution of right angled Triangles. 

All the Cafes of right angled and quadrantal Tri- 
angles may- be refolved by the 26 and 27 Propofitions ; 
or by Prop, XXVIII alone. 

1. The Solution of any Cafe may be performed by 
the 26 or 27 Prop, one of the two > either immediately 
in the Triangle it felf •, or elfe in another right an- 
gled Triangle, form'd by producing all the Sides to 
Quadrants; wherein the Parts of the Triangle are 
cither the fame, or the Complements of thofe in the . • . 
firft. Thus, let A B F be the propofed Triangle, 
produce the Sides either thro' A or F, fo that AC, ^ l 
AD, BE, and confequently C E may be Quadrants. 
Then you have two right angled Triangles A B F, 
E D F. In the Figure ABCDEF, mark what is 
given and its Complement with a Da(h(/) 5 and what 
is fought and its Complement witha.Cypher(q). Then 
examine' the two right Angled Triangles A BF, 
EDF; and obferve in which of them, an Angle and 
the Hypotbenufe^ or an Angle and its oppojite Side, do 

M 4 not 
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FIG. not enter the Queftion, (for there are always two parts 
41. out of the Queftion) ; and that Triangle will afford 
the Solution, by applying Prop. XXVII. in the for- 
mer Cafe, and Prop. XXVI. in the latter. If any 
fide be greater than a Quadrant, then a Quadrant 
muft be cut off, and the fame Rule apply'd. . 

Quadfanta) Triangles may be refolved by the fame 
Propofitions, if you reduce them to right angled Tri- 
angles, by producing their oblique Sides to Quadrants, 
or cutting off a Quadrant if they be bigger. As in 
the Quadrantal Triangle A FE, produce A F, E F to 
Quadrants as AD, E B, and draw A B, E D round 
the Poles E, A, then you will have two right angled 
Triangles A B F, E D F, to be refolved by the for- 
mer Rule. Take an Example or two for right angled 
Triangles. 

EXAMPLEL 

gi . Let the Hypothenufe AF and an Angle F be given, 
and the opponte Side A B required. I mark A F, F 
as given, and A B as fought, then fince there Is an 
Angle A, and its oppofite Side F B out of the Quefti- 
on ; therefore I need produce the Sides no further, for 
I have the Solution in the Triangle A B F, by Prop. 
XXVI. as Rad: S. AF:: S. F: S. AB required. 

EX A M P L E II. 

Let the Hyp. A F, Angle A be given ; to find 
4 1 ' the other Angle F, I produce the Sides thro' F, and 
mark AF, FD, A, DC, E D as given ; and F as 
fought. Then I fee that in the Triangle EFD, the 
Angle E and Hypothenufe EF are not mark'd, and 
therefore by Prop. XXVII. S. F T> : Rad : : Tan. E D : 
Tan. Angle F, that is Cof. A F: Rad : : Cotan. A : 
Tan. F required. 

2. Right angled or quadrantal Triangles may alfo 
be refolved by Prop. XXVIII. Obferving if mid- 

. die 
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die Part be fought, to begin with Radius ; and if one .F.I G. 
extream be fought, to begin with the other extream. 

EXAMPLE I. 

Given the Hyp. A F, and Angle F, to find the 5*1 
Side A B \ what is given and fought being mark'd 
as in the Figure. Then AB is middle Part, and A F, 
F, extreams disjunft, therefore Rad: Cof. Comp. AF:: 
Cof. Comp. F : S. A B, that is Rad : S.AF:: S.F 
: S. A B fought. 

EXAMPLE II. 

Given the Hyp. A F. and an Angle A, to find the ^ 
Angle F. here AF is middle Part, and A, F extreams 
conjunft. Therefore Tan. Comp. A : Rad : : S. 
Comp. A F : Tan. Comp. F, or Cotan. A : Rad : : 
Cof.AF: Cotan. F. 

EXAMPLE III. 

In the quadrantal Triangle A F E, let Side A F, 41, 
Angle A, be given ; to find the Angle F. Here A F 
is middle Part, and A and F are Extreams conjunct •> 
therefore. 

Tan. EAF: Rad:: Cof. AF: Cotan, F. 

Laftly the Affeftion of the Angle or Side fought 
will be known by Prop. XX. and Prop. XXI and its 
Corollaries ; except it be ambiguous, and then it may 
be either acute or obtufe. 



The Solution of oblique fpherical Triangles. 

' Oblique Triangles may be refolved feveral ways, 
either by letting fall a Perpendicular, or without it. 
In any Triangle mark what is given with a da(h (/), 
and what is required with a Cypher (o), to diftinguiih 
them. 

I. Oblique 
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FIG. *i Oblique Triangle inay be refolved by the 
Rules of right angled Triangles, together with 
the Corollaries of Prop. XXVIII. with Prop, 
XXIX, XXXIL ^XXIU ? bf kttiog fall a Perpen- 
dicular, which, either divides the Triangle intQ two 
right angled Triangle* ; or m$ke$ two right angled 
Triangles, by adding a right angled Triangle to it. 

In letting fall the Perpendicular, let it fall from 
the End or a given Side, and oppofite to a given 
Angle *; aind if* the three Things given be adjoining 
to one another, let it alfo fall from the End of the 
Side required, or oppoiita to the Angle required ; 
and then you will have enough given in one of the 
right angled Triangles to find any of its unknown 
Parts : obferving to find fuch a Part (which muft 
be*eithe* a Bafe or vertical Angle), as either of it 
falf, ©r when added to or fubtra&ed from foine 
Part given, the Proportion- to find 1 the Thing fought 
may come under fome of the Corollaries of Prop. 
XXVIII. 

a./ AH the Cafes of oblique Triangles may alfo 
be refolved by Prop. XXVII ; XXIX, XXXII and 

J^XXUl alone, by letting fall a Perpendicular accord- 
ing to the former Directions, when there is occafion. 
For the two laft Cafes will be refolved by Prop. XXXIII, 
a&d XXXII, and all the reft by Prop. XXVII and 
XXIX. and they are eafily remembered, for three of 
them ^re the fame with thole in plain Trigonometry, 
for refolving the like Cafes. Only there willbe more 
Operations in the right angled Triangles, than if the 
Corollaries of Prop. XXVIII were made ufe of.. . 

3. All the Cafes of oblique Tri^pgles (except the 
i, 4, and 2 laft) may alfo be refolv'd by Prop. 
XXVIII/ alone, by letting fall a Perpendicular divid- 
ing the whole into two right angled Triangles : In the 
firft Triangle you have two Things given to find a 
Third, which* muft be either the Bafe or vertical Angle. 
In the fecond Triangle you have one Thing given, or 
at leaft xpu *can find one Thing, after the firft Opera- 
tion 
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tion in the firft Triangle is over ; and in the fccOad F I G. 
Triangle there is alfo the Thing fought. Then, ia 
thefe two Triangles you have either both the Bafts* 
or elfe both the vertical Angles. Therefore* ft**** 
thefe, to find the Thing required, compare tb^** 11 ^® 
Thiags in the 'fecond Triangle, wz.tW^rpendicuIar* 
the Thing given, and the^th^e^S^ a P d find whi(?H 
i& middle Part^an^ tether tkte other two be Extre^ms 
Conjunct or disjunct, in order to \cnaw whether y<w 
muft ufe Sines or Tangents. Do. the fame Thing u\ 
the firft Triangle, with the three correfponding Parts 1 
and (fetting aficte the Perpendicular, which is *$ Ex- 
tream in both Triangles-,) theq (he middle Pax; 
and its Extream in the brft Triangle* will be propor* 
tional to the middle Part and Us extrea^m in the fecond, 
Triangle. 

For Example. Given FB, F and B •, to find AF. In 
the firft Triangle B F I, as Cotan. B : Rad : : Cof. F B i 53 * 
Co tan. B F L then you have A F I ; then in the Tri- 
angle A.FI, the Angle AFI is middle Part, and 
A F, F I Extreams conjunft. Likewife in the Tx'u 
angle BFI ; BFI, is middle Part, and B F x F I, Ex- 
treams conjunct. Therefore Cof. BFI (fiddle Part) 
:Cof. A FI (middle Part) :: Cotan. £F (Extream 
conjunft) : Cotan. A F (Extream conjundty. 

The Reafon of this Operation will appear thus* let 
p=Perpendicular, *w=middle Part, tf3=the other Ex* 
tream, in the firft Triangle. M=middle Part, A=s 
Extream in the fecond Triangle. Then by Prop. 

XXVIII. pa-=m r\ and/> A=M r % therefore £=!? =3 

r a 

— or m: a: : M: A. . 

A 

4. All oblique Triangles may alfo be refblved with- 
out letting fall a Perpendicular, and thefe five Pro- 
poficions, the XXIX, XXXVI, XXXVII, XL, XLI, 
and their Corollaries will refolve them all. Thus, 
Cafe 1 and 4 are refolved by Prop. XXIX. Cafe 2 
and 6 by Prop. XXIX and Cor. 1. Prop. XXXVII. 

Cafe 
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FIG. Cafe 3 and 5 by Prop. XXIX, and Cor. 1. Prop. 
53 . XXXVII. Caie 7 by Prop. XXXVI, and Cor. 1. Cafe 
8, by Prop. XXXVI, and Cor. 1. and Prop. XXIX. 
cj e 9 by Prop. XXXVII, and Cor. I. Cafe 10 by 
Prop. vxXVlf, and Cor. 1. and Prop. XXIX. Cafe 
11 byProp.xLii, or its Corollaries. Cafe 12 by 
Prop. XLIII, or its Co. Q ii ar i es , 

Laftly the Affe&ion of the Angl* or Side fought 
may be gathered from Prop. XVII, and its Corol- 
laries. And the falling of the Perpendicular, from 
Prop. XIX. and Cor. Prop. VIII. 

Here follow the 16 Cafes of right angled Tri- 
angles, and the 12 of oblique, In right angled Tri- 
angles, I fhall give only the Solution by the Tables, 
omitting the Algebraic Solution ; for that is very 
eafily had by putting Letters inftead of the Quantities, 
and transforming them by Sch. Prop. 1. L if there 
is OccaGon. 

In oblique Triangles you have both; where, note, 
that natural Sines, Tangents &c. muft be ufed in the 
algebraic 'Way. I refer to the Cafes in right angled 
Triangles, in the Determination of the Species of the 
Angle or Side fought, in the Method of letting fall 
a Perpendicular. 
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FIG. 

' Right angled fpherical Triangles. 

CASE I. 

Given the Hypotbenu/e AF, and an Angle A; to 52» 
find thefide Adjacent A B, 

Rod : Co/ Angle A : : Tan. Hyp. A F ; Tan. ad- 
jacent Side A B. 

If A, A F are of the fame ArFeclioln, A B is lefs 
than a Quadrant ; if of different Affection, more. 



C A S E II. 

Given the Hyp. AF, and Ang le A; to find the 52, 
oppofite Side B F. 

Rod : S. Hyp. AF : : S. an Angle A : S. oppofite Side BF. 
If A be acute, B F is lefs than 90 ; if obtufe, more. 



C A S E in. 

Given the Hyp. A F, and an Angle A ; to find the « 
other Angle F. ° " 

Rod : Co/. Hyp. A F : : Tan. an Angle A : Cotan. other 
Angle F. * 

When A F and A are of the fame Affection, F is 
acute i if of different Affection, obtufe. 



CASE IV. 

Given the Hyp. A F, and a Leg A B ; to find the 5*. 
adjacent Angle A. 

Rad-.Cot. Hyp. AF :: Tan. a Side AB : Co/, ad- 
jacent Angk A. 

If A B, A F be of the fame Affection A is acute j 
if of different Affeftion, pbtufe. 



CASE 
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FIG. 

CASE V. 

£2.- Given the Hyp. A F and one Side A B*; to find the 
oppofite Angle F, 

S.Hyp. AF : Rod ::S.ene Side AB : S. its <p. Angle F. 
If A B is lefs than 90, F is acute \ if more than 
90, obtufe. . * 



CASE VI. 

52. Given the Hyp. A F arid a Leg A B j to find the 
other Leg B F. 

Of. one Leg AB : O/ £gp. AF : : Rod : Cof. o/iw 
L^BF. 

If A B, A F be of one Affeaion, BF is lefs than 
go -, if of different Affedion, more. 
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CASE VII. 

j- 2# Given a Si<& AB, ind its adjacent -<&£& A; to 
find the oppofite Side F B. 

Rad : S. one Side AB : : Tan. an Angle A : Tan. op« 
pqfite Side F B. 

If A be acute, BF is lefs than 90 ; if obtufe, greater. 



CASE VIII. 

52. Given a Side A B and its adjacent Angle A 5 to find 
the oppofite Angle F. 

/?*/: S. an Angle A : : Cof. its adjacent Side AB : 
Gj/I i/j o/ pqfite Angle F. 

If A B is lefs than $o % F is acute * If more, obtufe. 



NHH 
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CASE IX. S?iG. 

Given a Side A B, and Angle adjacent A ; to find 5 2 - 
the Hyp. AF. • N 

Cof an Angle A- .: Rod : : Tan. adjacent Side A B : 
Tan. Hyp. AF. 

If A and A B be of the fame Aifedion, A F is lefs 
than 90 ; if diflferent, more. 



n 
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C A SEX. 

■ * 

Given a Side B F, and oppolite Angk A * to find -^ 
the Side adjacent AB. # 

Rad : Cotan. an Angle A : : Tan. op. Side B F : 
S. adjacent Side AB. 

Here A B is ambiguous, that is* it may be either 
leffer or greater than 90. 



CASE XI. 

> 

Given a Side B F f and Qippo&tt Angle A •, to find $z. 
the Angle adjacent, F. 

Cof. one Side B F : Of. op. Angle & : : Rad : S. ad- 
jacent Angle F. ambiguous. 



C A S E XII. 

Given a Side BF, and opp. Angle A ; to find the §^ 9 
Hyp. A F. 

S. an Angle A : S. op. SideBF : : Rad : S.Hyp. AF, 
ambiguous. 

■ 1 , mmmmmmmmmam ■ •- Tl i ■■> 

CASE XIII. 

Given the Sides A B, FB, to find an Angle A. c 2 . 

S. one Side AB : Rad : : Tan. other Side B F : Tan. 
cp. Angle A. 
If BF is lefs than 90, A is acute ; if more, obtufe. 

_ CASE 
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FIG. 

CASE XIV. 

-2. Given the Sides A B, F B ; to find the Hyp. A F. 
9 Rod-. Cof. one Leg F B : : Co/, other Leg AB: Co/ 

Hyp- A F. 
If A B, F B are of one Affection, A F is lefs than 

a Quadrant j if of Different Affection, more. 



CASE XV. 

52. Given the Angles A, F ; to find a Side B F. 

S. one Angle F: Rod: : Cof other Angle A: Cof of. 
SideBF. 

If A be acute, BF is lefs than a Quadrant ; if ob- 
tufe, it is greater. 



CASE XVI. 

Given the Angles A, F 1 to find the Hyp. A F. 
* Tan. one Angle F : Cotan. other Angle A : : Rod: Cof. 

Hyp. AF. 

If A, F be of the fame Affection, A F is lefs than 
a Quadrant ; if of different Affection, 'tis greater. 
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V 



Oblip 1 



< 

Oblique fphericd Triangksi, 

CAS* L 

Given two Sides A F, BF, and an oppofite An$e ^ 
A ; to find the other oppofite Angle B. 55 



I. Logarithmically, by the Table of artificial Sines, &c. 

' S. one SideFB: S. op. Angle A : : S. other Side AF : 
$, its ?p. Jxgle B. 

Then A ±5 is of the fame Affeaion as A F * g F ; 



$6. 



< , 



And if ' be of the fame Affeftion as — i — £— » 
2 a 

then B is ambiguous. 

II. Algebraically f by the Table of natural Sines* &e. * 



ad 



Let J=:S.AF, ^>=S.BF, * =S.A ; then &B= 

, '* p 



CASE II. 

Given two Sides AF, B F, and an oppofifie Attgle 
A ; to find the included Angle F. 54- 

55* 

I. Logarithmically. 5^ - 

By Cafe 3. right /-Triat%ks,R : Of. AF :: 7i*. A 
: &/*», A F I. 
And Cotan. A F : Cof.A F I : : Cotan.BF : Cof BFI, 

Then according as B F and Angle A are of the 
fame or different Affe&ion, B F I is acute or obtufe. 

IfAFfc>BFI,thenAFI— BFI=F 7 if 

If AFI+ BFl <i 80, then AFI+BFI=F J both, 
then F is ambiguous. 

N Or 
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Fia Or thus, 

54* •■ ** 

cc. Find the Angle B by Cafe i. then 

% & Aggg : S. AF + B1 f : : Tan, g^ : Cot jF. 

2 2 2 



*7- 



II. Algebraically. 
Let a, d, p be the Saw, andw, .*, i the Q£*« of A» 

AF, BF. And b=^i- S.B, »= Cof. B. And 

P 
bb^bb — aa,~mm — nn> kkz=i — bbpp-=z\~aadL 

Rad =i. 

ThenS.F= T ^ii- = ^^. 

ktm — aen kfc 

Alfo fee Cor. x, 2. Prop. XL. 



C AS E in. 

Given two Sides A F, B F, and an oppofite ^&- 

5 ; ik A j to find the third 'ft* AB. 
55- 

5" # I. Logarithmically. 

By Cafe i. *»£*/ /_ Triangles, 
Rod : C?/A : : Tan. AF : 7*/*. A I. 
Then C*/ AF : &/ At : : Cof.BP: G>f.Bl m 
Then if B F and A arc of one Affe£ion, B I is'Iefe 
than a Quadrant ; if of different ^ffecftion, more. 
If Afc>BI, AI-BI= AB, 7 if to . thcn 

If AI+BI<i8o,AI+BI=AB, J lt ^ h * * h * n 
A B is ambiguous. • 

Or thus. 
Find the Angle B by Cafe i. then 

S. 2il£ : S. *±± : : Tan. AF " BF : Tan.4AB. 



II. ^fc* 



r 
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II. Algebraically. 
Let a^d^pht the £410, and », *, * the C^feu of A, 47. 

A F, B F. £= — = S.B, *= O/ B, and ll±Jd—pp 

P 
z=iii—ee % //=i — bbpp^x — aadd, Radius— 1. Then 

c a p_ W — mii-\-ptn 



midr—pen tt 

See alfo Cor. 1, 2. Prop. XLI* 
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CASE It 

Given two Angles A., B, and an oppofite Side B F j ' 
' to find the other oppofite Side A F. 

I. Logarithmically 55' 

S.A : S.BF :: S.B : S.AF. . 5& 

AF + BF is of the fame Affcdion as A + B -. If 

BF+AF be of the fame Affeftion aa BF + Su P AF 

2 2 

then A F is ambiguous* 

It. Agehraically. 
Let *=S.A, J=S.B, /t=S.BF 9 then S.AF=^ 



a 

■MM 



C A S E V. 

Given two /f^/« A, B, and an oppofite Side B F^ r^ 
to find the included Side A B. §5. 

I. Logarithmically. * 

By Cafe 1, right L. Triangles t Rod : Tan. B F : : 
O/ B : Tan. BI. 
Then Gte». B : Cotan. A : : S.£ I : S.A I. 

Na If 
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FIG. If A, B be of the fame Affection, A I+B 1= A B. 

54. If B 1+ A I and B 1+ Sup. A I be each <i 80, (A I 

55. and confequently) A B is ambiguous. 

56. If A and B are of different Affection, A I — B 1= 
AB. If both A I and Sup. A I be >B I, then A I 
and A B are ambiguous. * 

Or thus. 
47. Find A F by Cafe 4. then S. 1*£ 1 S. 5db^ : : 

-; AP03BF - ' « „" 

Tan . Tax. £ AB, 

2 

II. Algebraically. 
Let a, b, p be the Sines, m, «, i the Co/bus of A, B, 
B F i d= tt = S.AF, « Cof. A F, ll=dd—pp=ii 

' — **, //=i — bhppz±i—aadd, Rad =±i. Then 

S.AB= .}' = ^ d +P'\ 
mid— pen 1 1 

See alfo Cor. i, 2, Prop* XLL 

CASE VI 

54. • Given two Angles A and B, and an oppofite Side 
5$. B IF : to find the third Angle F. 

I. Logarithmically. 

(By Cafe 3 right £.'s) Rod: Tan : B : : Cof B F : 
G*ar. B F I ; 

Then Cof B : S. B F I : Cof. A : S. A F I. 

If A and Bare of the fame Affection, BFI+AF I 
. =F. If bothBFI+AFIandBFI+Sup. AFIbe 
«d3o» then (AFI and) F is ambiguous. 

If A and Bare. of different Affeftion, A F I— BFI 
=F, if both AFI and Sup. AFI^»BFI, then 
(AFI and) F is ambiguous. 

Or 



r . 
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• . Or this. FIGr 

Find A F by Cafe 4. then S. AF{/iBF : 54- 

2 55' 

5* i " ■ ■ ■ ii z »• *«&» « J Llotttn, T r • 

2 2 

II. Atgehrakally. 
Let a^b.pbt the Saw, *w, 9, i the Q/fott of A, B, 47* 

BF ; d— tt = S.AF, «= CWI AF. bbzzbb—aa^mm 

a ■ 

^n* f ki^i^}i$p= i-~aaddi R&d=i. Then 

1 o p bb bitn+aen 

~~ bim—aen ~ k k ' " 
Alfo fee Cor. 1,2. Prop. XL. 
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CASE VII. 

, • . • • • - * 

Given two Sides A F, A B, and the included Angle ,* 
A 5 to find an oppdfite AngU B. , 55* 

I. Logarithmically. J> 

(By Cafe 1 right, AV) Rod: Co£ A : : Tan. A F: 

7*». A I, and A B co A I=IB. 
Then S. A I: S. B I: : Cotan. A : Cotan. B, • 
According as A I is < or ;> than A B, B and A 

are of the fame or different Affedtion. 

Or thus. 

rr AB+AF ^-ABeoAF r . tA 
Q/.- — -I— : Coj. ~ :: Cotan. i A : 

» 

Tan. 



2 
F4-B 



And S. A B + A F : S. AFw A ,P : : Cotan. j A : 

2 

Then 
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F* G ' Then £±£ + £^J* = Ahgk efrofite to the great- 

55* erSide. : 

& And^±5 — £^ s Angle op. to the lefrer Side. 

2 2 

Ai?/^ £±2 is of the feme Afic&ion as AF +AB 



2 2 



II. Algebraically. 

*j m Let j, j, J be the Sines, c y m y e the Cojmts of A B, 
A, A:F. 3= Cotan. A B, *= C*/**. A F, r= Cb/*». 
A, Rad=i. Then 



a s a 



CASE VIII. 
54*. Given two Sides A F, A B, and the included 
55- Angle A ; to find the third Side F B. 

I. Logarithmically. 

(By Cafe i right jC's)Rzd: Cof. A:: Tan. AF*. Tan. 
AI, and ABcoAI=BL 

Then Cof. AI: &/ AF:: Co/. BI: Oj/T B F. 

As BI and A are of the fame or differeqt Affedti- 
00, B F is <oO than a Quadrant. 

Or thus 

Find the JL B by Cafe 7, then S.B ; S. AF ;: 
S.A:S. BF, by Cafe 4. 

II; Algebraically. 
47. Let s % dbt the Sines > and c f e the Cq fines of A B» 

AFj m—Co/.A, v=verf. A. D=Cof. ABw AF. 

Radszi. Then Co/. FB=sdm+ce=zD~~sd v. 

. % 

CASE 



56, 
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CASE DC, FIG. 

Given two Angles A and F, and the included Side s ^- 
AFj to find an oppofite #<fe F B. .55? 

L Logarithmically. 

. By Gf/fc 3 rfcfc Z,V. &**: ft* A:: Of. A ftOum* 
AFL and AFBcoAFI=BFI» then, 

G»/ AFI: Cof. BFI;: <fr«. AF: CUM/BR 
i» B F I and A are of the fame or different Affc&ion, 
B F is <or> than a Quadrant. 

Or/Aaj. 

^■ AB + BF , 
AndS-Fi^ : S.!^ .. ^ . 

2 2 - 

ABcoBF 



» . •» 



2 



Then AB + BF + A l^£ == ft* oppofite to 

the greater Angle. 

An ,AB+BF ABuBF ... . 

— 1 =—!.:=&* opp. to the ' 

k fler Angle. 
Note, AF+B I is of the fame Afieclion as £+* 

2 2 

JI. Algebraically. 

Let «, 4/te the #»«, and », *, £ the C<yfa« of 47« 
A, AF and F, t= &>/«». A, t^. Cot an. AF, ?=s 
Otan.F t Radius =i, then 

G>A». B F=£±££ =/l+ * /. 

And CbAw. A B= f>^ = ^ + »A 



1 7 
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55. ' Ttfd i<%Jb A and.F, and the included Stdf^F^ 
£,6. being given ; to find the third Jngk B. *■ V? ■* * 

I.- Logarithmically. 

' By' G*/? 3. rigtoZji. Rod : ?i*». A : : Cof. A F i 
&/*. AFI, and AFBcoAFI=BFI, then 
*' " S.AFI : S.BFI :: QfiA : Ccf.K . . 
( AV AF I is <or > than AFB, B .and A are of 
the lame or different Affe&ion. 

Otherwise. 
Find ;FB by Cafe 1.9,: then B by Cafe 1. 

II. Algebraically. ' 

47* Let a, f be the &'»», and *», £ the C^wj of A 
jnd Fi *== Cof A F, i^ =5 iy then 
Cof. B=afe—mg. Alfo fee Prop. XLIIL 



■*^ 



CASE XI. 
e* 'Given the three Sides, to find an Angk A. 

5 £* * , ■ I. Lcgaritbmicalfy. 



f^jAB:^ AF + F *::rt». AFcoFB , 

• 2 2 



ft». an Arch Q^ If i A B ;> Qj the Perpendicular 
falls within ; if lefs, without. 

Then \ A B+Q= greater Segment A I or BR> 
and 4 ABco Qr= kffer Segment B I or A R. then 
• Jf AF+FB < 1 80, the Perpendieular falls neareft 
the leffer Side. 

If A F+F B > 1 80, the Perpendicular falls neareft 
the greater Side. 

Then by Cafe 4. right ZJt.Rad : Tan. AI : : Goto*. 
AF: Cof A. , 

0f 



I. 



I. 




"VI. the End: 



j 
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S.ABXS. AF : &«* Sfun : : S>. - "J- 5£ 

BF+A^AB . s square i A. * ^ 

b " » ... cBF+AB+AF 

Or: S.ABXS. AF : Rod. Sfuar* : : ^ — 

BF +AB+AF _ BF . cof. Sguart 4- A- - - 
Xb. j 

See alfo Prop. XUI and Cor. •••-•'. 

II. JIgebraicaOfi 

AB; te(V FB, « Ctf. A"B+AF, *-^_ 
Ctf AB^AT, R«t* =i, *<*<# A== ~2T> 



x— * 



andw/.A= — *?• 

: CAS E ; XII. 

The three ^being given ; to find a Side A F- g. 

1, Logarithmically. 5 <j* 

A. A. B a» of the fame or different Affeftion j 

the Perpendicular fallsVithin -or without. 

^/A+ B tan ^L5::^*.tF:^.anArchC^ 
Then t F+Qs=g«ater Angle at the Vertex A FI 

° r And R iF c«Q~ leffer Angle at the Vertex *F I or 
A Then if A+B<.8o, the Perpendicular falls near- . 

:: Rod. : Oj/I AF. O 



